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Jessica Fintzen
Abstract
Let k be a non-archimedean local field with residual characteristic p. Let G be a
connected reductive group over k that splits over a tamely ramified field extension of
k. Suppose p does not divide the order of the Weyl group of G. Then we show that
every smooth irreducible complex representation of G(k) contains an s-type of the form
constructed by Kim–Yu and that every irreducible supercuspidal representation arises
from Yu’s construction. This improves an earlier result of Kim, which held only in
characteristic zero and with a very large and ineffective bound on p. By contrast, our
bound on p is explicit and tight, and our result holds in positive characteristic as well.
Moreover, our approach is more explicit in extracting an input for Yu’s construction
from a given representation.
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1 Introduction
The aim of the theory of types is to classify, up to some natural equivalence, the smooth
irreducible complex representations of a p-adic group in terms of representations of compact
open subgroups. For GLn it is known that every irreducible representation contains an s-
type. This theorem lies at the heart of many results in the representation theory of GLn
and plays a key role in the construction of an explicit local Langlands correspondence for
GLn as well as in the study of its fine structure. One of the main results of this paper is the
existence of s-types for general p-adic groups and the related exhaustion of supercuspidal
representations under minimal tameness assumptions. These tameness assumptions arise
from the nature of the available constructions of supercuspidal representations for general
p-adic groups.
To explain our results in more detail, let k denote a non-archimedean local field with residual
characteristic p and let G be a (connected) reductive group over k. Before introducing the
notion of a type, let us first discuss the case of supercuspidal representations, the building
blocks of all other representations. Since the constructions below of supercuspidal represen-
tations for general reductive groups G assume that G splits over a tamely ramified extension
of k, we will impose this condition from now on. Under this assumption, Yu ([Yu01]) gave a
construction of supercuspidal representations as representations induced from compact mod
center, open subgroups of G(k) generalizing an earlier construction of Adler ([Adl98]). Yu’s
construction is the most general construction of supercuspidal representations for general
reductive groups known at present and it has been widely used to study representations of
p-adic groups, e.g. to obtain results about distinction, to calculate character formulas, to sug-
gest an explicit local Langlands correspondence and to investigate the theta correspondence.
However, all these results only apply to representations obtained from Yu’s construction.
In this article, we prove that all supercuspidal representations of G(k) are obtained from
Yu’s construction if p does not divide the order of the Weyl group W of G. This result was
previously shown by Kim ([Kim07]) under the assumption that k has characteristic zero and
that p is “very large”. Note that Kim’s hypotheses on p depend on the field k and are much
stronger than our requirement that p ∤ |W |, see [Kim07, § 3.4]. The few primes that divide
the order of the Weyl group of G are listed in Table 1, and we expect that this assumption
is optimal in general for the following reason. Yu’s construction is limited to tori that split
over a tamely ramified field extension of k. If p does not divide the order of the Weyl group
of G and G splits over a tamely ramified extension (our assumptions), then all tori split
over a tame extension. However, if one of these assumptions is violated, then, in general,
the group G contains tori that do not split over a tame extension (for some non-split inner
forms of split groups of type An, n ≥ 2, Dl, l ≥ 4 prime, or E6 the condition on the prime
number is slightly weaker, see [Fin18, Theorem 2.4 and Corollary 2.6] for the details). We
expect that we can use these tori to produce supercuspidal representations that were not
constructed by Yu. Examples of such representations are provided by the construction of
Reeder and Yu ([RY14]), whose ingredients exist also when p | |W | (whenever they exist for
some large prime p), see [FR17] and [Fin17].
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In order to study arbitrary smooth irreducible representations, we recall the theory of types
introduced by Bushnell and Kutzko ([BK98]): By Bernstein ([Ber84]) the category R(G) of
smooth complex representations of G(k) decomposes into a product of subcategories Rs(G)
indexed by the set of inertial equivalence classes I of pairs (L, σ) consisting of a Levi sub-
group L of (a parabolic subgroup of) G together with a smooth irreducible supercuspidal
representation σ of L(k):
R(G) =
∏
s∈I
Rs(G).
Let s ∈ I. Following Bushnell–Kutzko ([BK98]), we call a pair (K, ρ) consisting of a compact
open subgroup K of G(k) and an irreducible smooth representation ρ of K an s-type if for
every irreducible smooth representation π of G(k) the following holds:
π lies in Rs(G) if and only if π|K contains ρ.
In this case the category Rs(G) is isomorphic to the category of (unital left) modules of the
Hecke algebra of compactly supported ρ-spherical functions on G(k). Thus, if we know that
there exists an s-type for a given s ∈ I, then we can study the corresponding representations
Rs(G) using the corresponding Hecke algebra. We say that a smooth irreducible represen-
tation (π, V ) of G(k) contains a type if there exists an s-type (K, ρ) for the class s ∈ I that
satisfies (π, V ) ∈ Rs(G), i.e. π|K contains ρ.
Using the theory of G-covers introduced by Bushnell and Kutzko in [BK98], Kim and Yu
([KY17]) showed that Yu’s construction of supercuspidal representations can also be used to
obtain types by omitting some of the conditions that Yu imposed on his input data. In this
paper we prove that every smooth irreducible representation of G(k) contains such a type
if k is a non-archimedian local field of arbitrary characteristic whose residual characteristic
p does not divide the order of the Weyl group of G(k). This excludes only a few residual
characteristics, and we expect the restriction to be optimal in general as explained above. If
k has characteristic zero and p is “very large”, then Kim and Yu deduced this result already
from Kim’s work ([Kim07]).
Our approach is very different from Kim’s approach. While Kim proves statements about a
measure one subset of all smooth irreducible representations of G(k) by matching summands
of the Plancherel formula for the group and the Lie algebra, we use a more explicit approach
involving the action of one parameter subgroups on the Bruhat–Tits building. This means
that even though we have formulated some statements and proofs as existence results, the
interested reader can use our approach to extract the input for the construction of a type
from a given representation.
To indicate the rough idea of our approach, we assume from now that p does not divide the
order of the Weyl group of G, and we denote by (π, V ) an irreducible smooth representation
of G(k). Recall that Moy and Prasad ([MP94, MP96]) defined for every point x in the
Bruhat–Tits building B(G, k) of G and every non-negative real number a compact open
subgroup Gx,r ⊂ G(k) and a lattice gx,r ⊂ g in the Lie algebra g = Lie(G)(k) of G such that
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Gx,r E Gx,s and gx,r ⊆ gx,s for r > s. Moy and Prasad defined the depth of (π, V ) to be
the smallest non-negative real number r1 such that there exists a point x ∈ B(G, k) so that
the space of fixed vectors V Gx,r1+ under the action of the subgroup Gx,r1+ :=
⋃
s>r1
Gx,s is
non-empty. In [MP96] they showed that every irreducible depth-zero representation contains
a type. A different proof using Hecke algebras was given by Morris ([Mor99], announcement
in [Mor93]). More generally, Moy and Prasad showed that (π, V ) contains an unrefined
minimal K-type, and all unrefined minimal K-types are associates of each other. For r1 = 0,
an unrefined minimal K-type is a pair (Gx,0, χ), where χ is a cuspidal representation of
the finite (reductive) group Gx,0/Gx,0+. If r1 > 0, then an unrefined minimal K-type is a
pair (Gx,r1, χ), where χ is a nondegenerate character of the abelian quotient Gx,r1/Gx,r1+.
While the work of Moy and Prasad revolutionized the study of representations of p-adic
groups, the unrefined minimal K-type itself determines the representation only in some
special cases. Our first main result in this paper (Theorem 6.1) shows that every smooth
irreducible representation of G(k) contains a much more refined invariant, which we call a
datum. A datum is a tuple
(x, (Xi)1≤i≤n, (ρ0, Vρ0))
for some integer n, where x ∈ B(G, k), Xi ∈ g
∗ for 1 ≤ i ≤ n satisfying certain conditions
and (ρ0, Vρ0) is an irreducible representation of a finite group (which is the reductive quotient
of the derived group of a twisted Levi subgroup of G), see Definition 4.1 and Definition 4.2
for the details. Our datum can be viewed as a refinement of the unrefined minimal K-type
of Moy and Prasad as follows. To a datum (x, (Xi)1≤i≤n, (ρ0, Vρ0)) we associate a sequence
of subgroups G ⊃ H1 ⊃ H2 ⊃ . . . ⊃ Hn ⊃ Hn+1, which are (apart from allowing H1 = G1)
the derived groups of twisted Levi subgroups G ⊃ G1 ⊃ G2 ⊃ . . . ⊃ Gn ⊃ Gn+1, and real
numbers r1 > r2 > . . . > rn > 0 such that for 1 ≤ i ≤ n the element Xi corresponds to a
character χi of
(Hi)xi,ri/(Hi)xi,ri+ ≃ Lie(Hi)(k)xi,ri/Lie(Hi)(k)xi,ri+ ⊂ gx,ri/gx,ri+
for a suitable point xi ∈ B(Hi, k). Then the pair ((Hi)xi,ri, χi) is an unrefined minimal
K-type of depth ri for some subrepresentation of (π|Hi, V ).
The existence of a datum for any irreducible representation of G(k) is a key ingredient for
producing the input that is needed for the construction of types as in Kim–Yu ([KY17]). In
order to exhibit a datum in a given representation, we require the elements (Xi)1≤i≤n in the
datum (x, (Xi)1≤i≤n, (ρ0, Vρ0)) to satisfy slightly stronger conditions than the non-degeneracy
necessary for an unrefined minimal K-type. We call our conditions almost strongly stable
and generic, see Definition 3.1 and Definition 3.5. These conditions ensure that the deduced
input for Yu’s construction is generic in the sense of Yu ([Yu01, § 15]) and at the same time
they are crucial for the proof of the existence of the datum. The existence of a datum in
(π, V ) is proved recursively, i.e. by first showing the existence of a suitable element X1,
then finding a compatible element X2, and then X3, etc., until we obtain a tuple (Xi)1≤i≤n
and finally exhibit the representation (ρ0, Vρ0). The existence of X1 can be considered as a
refinement of the existence of an unrefined minimal K-type by Moy and Prasad and relies
on the existence result of almost strongly stable and generic elements proved in Proposition
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3.10. When constructing the remaining part of the datum we need to ensure its compatibility
with X1 and rely on several preparatory results proved in Section 5. At this step the imposed
conditions on the elements Xi become essential.
The final crucial part of this paper is concerned with deducing from the existence of a da-
tum in Theorem 7.12 that every smooth irreducible representation of G(k) contains one of
the types constructed by Kim–Yu and, similarly, that every irreducible supercuspidal repre-
sentation of G(k) arises from Yu’s construction, see Theorem 8.1. This requires using the
elements Xi from the datum to provide appropriate characters of the twisted Levi subgroups
Gi (2 ≤ i ≤ n+1) and using (ρ0, Vρ0) to produce a depth-zero supercuspidal representation π0
of Gn+1(k). We warn the reader that the depth-zero representation of Gn+1(k) is in general
not simply obtained by extending and inducing (ρ0, Vρ0). The relationship between ρ0 and
π0 requires the study of Weil representations and can be found in Section 7, in particular in
Lemma 7.8. The main difficulty lies in showing that a potential candidate for the depth-zero
representation π0 of Gn+1(k) is supercuspidal, which is the content of Lemma 7.10.
We conclude the paper by mentioning in Corollary 8.3 how to read off from a datum for
(π, V ) if the representation (π, V ) is supercuspidal or not.
We would like to point out that the exhaustion of supercuspidal representations and the
existence of types for arbitrary smooth irreducible representations have already been exten-
sively studied for special classes of reductive groups for which other case-specific tools are
available, e.g. a lattice theoretic description of the Bruhat–Tits building and a better un-
derstanding of the involved Hecke algebras. In 1979, Carayol ([Car79]) gave a construction
of all supercuspidal representations of GLn(k) for n a prime number different from p. In
1986, Moy ([Moy86]) proved that Howe’s construction ([How77]) exhausts all supercuspidal
representations of GLn(k) if n is coprime to p. Bushnell and Kutzko extended the construc-
tion to GLn(k) for arbitrary n and proved that every irreducible representation of GLn(k)
contains a type ([BK93,BK98,BK99]). As mentioned above, these results play a crucial role
in the representation theory of GLn(k). Based on the work for GLn(k), Bushnell and Kutzko
([BK94]) together with Goldberg and Roche ([GR02]) provide types for all Bernstein compo-
nents for SLn(k). For classical groups Stevens ([Ste08]) has recently provided a construction
of supercuspidal representations for p 6= 2 and proved that all supercuspidal representations
arise in this way. A few years later, Miyauchi and Stevens ([MS14]) provided types for all
Bernstein components in that setting. The case of inner forms of GLn(k) was completed by
Se´cherre and Stevens ([SS08, SS12]) around the same time, subsequent to earlier results of
others for special cases (e.g. Zink ([Zin92]) treated division algebras over non-archimedean
local fields of characteristic zero and Broussous ([Bro98]) treated division algebras without
restriction on the characteristic). The existence of types for inner forms of GLn(k) plays a
key role in the explicit description of the local Jacquet–Langlands correspondence.
Structure of the paper. In Section 2, we collect some consequences of the assumption that
the residual field characteristic p does not divide the order of the Weyl group of G. Section
3 concerns the definition and properties of almost strongly stable and generic elements and
includes an existence result for almost strongly stable and generic elements. In Section 4,
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we introduce the notion of a datum and define what it means for a representation to contain
a datum and for a datum to be a datum for a representation. The proof that every smooth
irreducible representation of G(k) contains a datum is the subject of Section 6. Several
results that are repeatedly used in this proof are shown in the preceding section, Section
5. In Section 7, we use the result about the existence of a datum to derive that every
smooth irreducible representation of G(k) contains one of the types constructed by Kim and
Yu, and, in Section 8, we prove analogously that every smooth irreducible supercuspidal
representation of G(k) arises from Yu’s construction.
Conventions and notation. Throughout the paper, we require reductive groups to be
connected and all representations are smooth complex representations unless mentioned
otherwise. We do not distinguish between a representation and its isomorphism class. As
explained in the introduction, by type we mean an s-type for some inertial equivalence class
s.
We will use the following notation throughout the paper: k is a non-archimedean local field
(of arbitrary characteristic) and G is a reductive group over k that will be assumed to split
over a tamely ramified field extension of k. We write f for the residue field of k and denote
its characteristic by p. We fix an algebraic closure k of k and all field extensions of k are
meant to be algebraic and assumed to be contained in k. For a field extension F of k, we
denote by F ur its maximal unramified field extension (in k). We write O for the ring of
integers of k, P for its maximal ideal, π for a uniformizer, and val : k → Z ∪ {∞} for a
valuation on k with image Z∪ {∞}. If F is an (algebraic) field extension of k, then we also
use val to denote the valuation on F that extends the valuation on k. We write OF for the
ring of integers in F and PF for the maximal ideal of OF .
Throughout the paper we fix an additive character ϕ : k → C∗ of k of conductor P.
If E is a field extension of a field F and H is a scheme defined over the field F , then we
denote by HE or H ×F E the base change H ×SpecF SpecE. If A is an F -module, then we
write AE for A⊗F E and A
∗ for the F -linear dual of A. For X ∈ A∗ and Y ∈ AE, we write
X(Y ) for (X ⊗ 1)(Y ), (X ⊗ 1) ∈ A∗⊗F E ≃ (AE)
∗. If a group acts on A, then we let it also
act on A∗ via the contragredient action.
In general, we use upper case roman letters, e.g. G,H,Gi, T, . . ., to denote linear algebraic
groups defined over a field F , and we denote the F -points of their Lie algebras by the
corresponding lower case fractur letters, e.g. g, h, gi, t. The action of the group on its
Lie algebra is the adjoint action, denoted by Ad, unless specified otherwise. If H is a
reductive group over F , then we denote by Hder its derived group. Moreover, if S is a
split torus contained in H (defined over F ), then we write X∗(S) = HomF (S,Gm) for the
characters of S defined over F , X∗(S) = HomF (Gm, S) for the cocharacters of S (defined
over F ), Φ(H,S) ⊂ X∗(S) for the roots of H with respect to S, and if S is a maximal torus,
then Φˇ(H,S) ⊂ X∗(S) denotes the coroots. We might abbreviate Φ(Hk, T ) by Φ(H) for
a maximal torus T of Hk if the choice of torus T does not matter. We use the notation
〈·, ·〉 : X∗(S) × X
∗(S) → Z for the standard pairing, and if S is a maximal torus, then we
denote by αˇ ∈ Φˇ(H,S) the dual root of α ∈ Φ(H,S). For a subset Φ of X∗(S) ⊗Z R (or
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X∗(S)⊗ZR) and R a subring of R, we denote by RΦ the smallest R-submodule ofX
∗(S)⊗ZR
(or X∗(S) ⊗Z R, respectively) that contains Φ. For χ ∈ X
∗(S) and λ ∈ X∗(S), we denote
by dχ ∈ HomF (Lie(S),Lie(Gm)) and dλ ∈ HomF (Lie(Gm),Lie(S)) the induced morphisms
of Lie algebras.
If (π, V ) is a representation of a group H , then we denote by V H the elements of V that are
fixed by H . If H ′ is a group containing H as a subgroup and h′ ∈ H ′, then we define the
representation (h
′
π, V ) of h′Hh′−1 by h
′
π(h) = π(h′−1hh′) for all h ∈ h′Hh′−1.
Finally, we let R˜ = R ∪ {r + | r ∈ R} with its usual order, i.e. for r and s ∈ R with r < s,
we have r < r+ < s < s+.
Acknowledgment. The author thanks Stephen DeBacker, Wee Teck Gan, Tasho Kaletha,
Ju-Lee Kim and Loren Spice for discussions related to this paper, as well as Jeffrey Adler,
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Maarten Solleveld for feedback on some parts of an earlier version of this paper. The author
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2 Assumption on the residue field characteristic
Recall that k denotes a non-archimedean local field with residual characteristic p and G
is a (connected) reductive group over k. Since Yu ([Yu01]) works in his construction of
supercuspidal representations only with tori that split over a tame extension, we make the
following assumption throughout the paper.
Assumption 2.1. We assume that G splits over a tamely ramified extension of k and
p ∤ |W |, where W denotes the Weyl group W of G(k).
By [Fin18] Assumption 2.1 implies that all tori of G are tame. For absolutely simple groups
other than some non-split inner forms of split groups of type An, n ≥ 2, Dl, l ≥ 4 prime, or
E6 this assumption is also necessary (and in the excluded cases only minor modifications on
the assumption on p are necessary), see [Fin18, Theorem 2.4 and Corollary 2.6] for details.
We collect a few consequences of our assumption for later use.
Lemma 2.2. The assumption that p ∤ |W | implies the following
(a) The prime p does not divide the order of the Weyl group of any Levi subgroup of (a
parabolic subgroup of) Gk.
(b) The prime p is larger than the order of any bond of the Dynkin diagram Dyn(G) of
Gk, i.e. larger than the square of the ratio of two root lengths of roots in Φ(G).
(c) The prime p is not a bad prime (in the sense of [SS70, 4.1]) for Φˇ := Φˇ(G), i.e.
ZΦˇ/ZΦˇ0 has no p-torsion for all closed subsystems Φˇ0 in Φˇ
7
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(d) The prime p is not a torsion prime (in the sense of [Ste75, 1.3 Defition]) for Φ := Φ(G)
(and hence also not for Φˇ(G)), i.e. ZΦˇ/ZΦˇ0 has no p-torsion for all closed subsystems
Φ0 in Φ.
(e) The prime p does not divide the index of connection (i.e. the order of the root lattice
in the weight lattice) of any root(sub)system generated by a subset of a basis of Φ(G).
Proof.
Part (a) is obvious, Part (b), (c) and (d) can be read of from Table 1. Part (e) follows from
the fact that the index of connection of Φ(G) divides |W | ([Bou02, VI.2 Proposition 7]).
type An (n ≥ 1) Bn (n ≥ 3) Cn (n ≥ 2) Dn (n ≥ 3) E6 E7 E8 F4 G2
|W | (n+ 1)! 2n · n! 2n · n! 2n−1 · n! 27 · 34 · 5 210 · 34 · 5 · 7 214 · 35 · 52 · 7 27 · 32 22 · 3
bad - 2 2 2 2, 3 2, 3 2, 3, 5 2, 3 2, 3
torsion - 2 - 2 2, 3 2, 3 2, 3, 5 2, 3 2
Table 1: Order of Weyl groups ([Bou02, VI.4.5-VI.4.13]); bad primes ([SS70, 4.3]) and torsion
primes ([Ste75, 1.13 Corollary]) for irreducible root systems
3 Almost strongly stable and generic elements
Let E be a field extension of k. We denote by B(G,E) the (enlarged) Bruhat–Tits building of
GE over E, and we sometimes write B for B(G, k). For x ∈ B(G,E) and r ∈ R≥0, we write
G(E)x,r for the Moy–Prasad filtration subgroup of G(E) of depth r, which we abbreviate to
Gx,r for G(k)x,r, and we set G(E)r =
⋃
x∈B(G,E)G(E)x,r. For r ∈ R, we denote by (gE)x,r
and (gE)
∗
x,r the Moy–Prasad filtration of gE = Lie(GE)(E) and its dual g
∗
E , respectively. We
set (gE)r =
⋃
x∈B(G,E)(gE)x,r and (gE)
∗
r =
⋃
x∈B(G,E)(gE)
∗
x,r. Recall that if X ∈ (gE)
∗
x,r, then
X((gE)x,(−r)+) ⊂ PE and X((gE)x,−r) ⊂ OE . For convenience, we define our Moy–Prasad
filtration subgroups and subalgebras with respect to the valuation val of E that extends the
normalized valuation val of k, i.e. in such a way that by [Adl98, Proposition 1.4.1] (which
applies because G splits over a tamely ramified extension) we have
(gE)x,r ∩ g = gx,r (1)
for all r ∈ R. We denote by Gx the reductive quotient of the special fiber of the (connected)
parahoric group scheme attached to G at x, i.e. Gx is a reductive group defined over f
satisfying Gx(fF ) = G(F )x,0/G(F )x,0+ for every unramified extension F of k with residue
field fF . For any r ∈ R, the adjoint action of G(k
ur)x,0 on (gkur)x,r induces a linear action of
the algebraic group Gx on Vx,r := gx,r/gx,r+ and therefore also on its dual V
∗
x,r.
For X ∈ g∗E − {0} and x ∈ B(G,E), we denote by dE(x,X) ∈ R the largest real number d
such that X ∈ (g∗E)x,d, and set dE(x, 0) = ∞. We call dE(x,X) the depth of X at x. We
define the depth of X (over E) to be dE(X) := supx∈B(G,E) dE(x,X) ∈ R ∪ ∞. If E = k,
8
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then we often write d(x,X) for dk(x,X) and d(X) for dk(X). Note that if X ∈ g
∗, then
dk(x,X) = dE(x,X) and dk(X) = dE(X) by our choice of normalization.
Recall that if V is a finite dimensional linear algebraic representation of a reductive group
H defined over some field F , then X ∈ V (F ) is called semistable under the action of H if
the Zariski-closure of the orbit H(F ).X ⊂ V (F ) does not contain zero, and is called unstable
otherwise. We introduce two slightly stronger notions for our setting.
Definition 3.1. LetX ∈ g∗. We denote byX the map Vx,−d(x,X) := gx,−d(x,X)/gx,(−d(x,X))+ →
f induced from X : gx,−d(x,X) → O.
• We say that X is almost strongly stable (at x) if the G-orbit of X is closed and
X ∈ (Vx,−d(x,X))
∗ is semistable under the action of Gx.
• We say that X is almost stable if the G-orbit of X is closed.
Lemma 3.2. Let X ∈ g∗ − {0} be almost strongly stable at x. Then d(x,X) = d(X).
Proof.
Suppose d(x,X) < d(X), and write r = d(x,X). Then by [AD02, Corollary 3.2.6] (together
with their remark at the beginning of Section 3) the coset X + g∗x,r+ is degenerate, i.e.
contains an unstable element. Hence X is unstable by [MP94, 4.3. Proposition] (while Moy
and Prasad assume simply connectedness throughout their paper [MP94], it is not need for
this claim). A contradiction.
Definition 3.3. Let H be a reductive group over some field F . A (smooth closed) subgroup
H ′ of H is called a twisted Levi subgroup if there exists a finite field extension E over F such
that H ′ ×F E is a Levi subgroup of (a parabolic subgroup of) H ×F E.
Lemma 3.4. Let X ∈ g∗ be almost stable (under the contragredient of the adjoint action of
G). Then the centralizer CentG(X) of X in G is a twisted Levi subgroup of G.
It suffices to show that CentG×kk(X) is a Levi subgroup of Gk, because CentG(X) ×k k =
CentG×kk(X). Since p does not divide the order of the Weyl group of G, we can Gk-
equivariantly identify g∗
k
with gk (see [AR00, Proposition 4.1], Lemma 2.2(e) and Lemma
2.2(b)). Using this identification to view X in g, by [Bor91, 14.25 Proposition], every
X is contained in the Lie algebra of a Borel subgroup B = TU for T a maximal torus
and U the unipotent radical of B (defined over k). Hence we can write X = Xs + Xn,
where Xs ∈ Lie(T )(k) and Xn ∈ Lie(U)(k), and there exists a one parameter subgroup
λ : Gm → T ⊂ CentG
k
(Xs) such that limt→0 λ(t).Xn = 0, and therefore limt→0 λ(t).X = Xs.
Since X is almost stable, this implies that Xs is contained in the G(k)-orbit of X , and
it suffices to consider X = Xs. In other words, we may assume that X is in the zero
eigenspace in g∗
k
of T . Since p is not a torsion prime for Φˇ(G) (Lemma 2.2(d)) and p does
not divide the index of connection of Φ(G) (Lemma 2.2(e)), we obtain by [Yu01, Proposi-
tion 7.1. and 7.2] (which is based on [Ste75]) that the centralizer CentG
k
(X) of X in Gk
9
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is a connected reductive group whose root datum is given by (X∗(T ),ΦX , X∗(T ), ΦˇX) with
ΦX = {α ∈ Φ(Gk, T ) |X(dαˇ(1)) = 0)} and ΦˇX = {αˇ |α ∈ ΦX}. Note that ΦˇX is a closed
subsystem of Φˇ (i.e. ZΦˇX ∩ Φˇ = ΦˇX). Since ZΦˇ/ZΦˇX is p-torsion free by Lemma 2.2(c), we
have ΦˇX = QΦˇX ∩ Φˇ and hence ΦX = QΦX ∩ Φ. By [Bou02, VI.1, Proposition 24] there
exists a basis ∆ for Φ containing a basis ∆X for ΦX . Thus CentG
k
(X) is a Levi subgroup of
Gk.
Definition 3.5. We say that an almost stable (at x) element X ∈ g∗ is generic of depth
r (at x) if there exists a tamely ramified extension E over k and a split maximal torus
T ⊂ CentG(X)×k E such that
• x ∈ A (T,E) ∩B(G, k), where A (T,E) denotes the apartment of T in B(G,E)
• X ∈ g∗x,r (i.e. X(gx,(−r)+) ⊂ P), and
• for every α ∈ Φ(G, T ) we have X(Hα) = 0 or val(X(Hα)) = r, where Hα = dαˇ(1).
Note that Hα = dαˇ(1) 6= 0, because p does not divide the index of connection of Φ(G) by
Lemma 2.2(e).
Lemma 3.6. Let X ∈ g∗ be almost stable and generic of depth r at x. Then for every (split)
maximal torus T ⊂ CentG(X)×k k we have
• X(Hα) = 0 for all α ∈ Φ(CentG(X), T ), and
• val(X(Hα)) = r for all α ∈ Φ(G, T )− Φ(CentG(X), T ).
Moreover, for all α ∈ Φ(G, T ) we have X((gk)α) = 0, where (gk)α denotes the α-root subspace
of gk.
Proof.
Choose a Chevalley system {xα : Gm → Gk |α ∈ Φ(G, T )} with corresponding Lie algebra
elements {Xα = dxα(1) |α ∈ Φ(G, T )}. Since T ⊂ CentG(X) ×k k, we have X(Xα) =
X(Ad(t)(Xα)) = α(t)X(Xα) for all t ∈ T (k), and hence X(Xα) = 0 for all α ∈ Φ(G, T ).
Thus X((gk)α) = 0.
Since the split maximal tori of CentG(X) ×k k are conjugate in CentG(X) ×k k, we have
X(Hα) = 0 or val(X(Hα)) = r for α ∈ Φ(G, T ). By [Yu01, Propostion 7.1], we have
α ∈ Φ(CentG(X), T ) if and only if X(Hα) = 0, see also the proof of Lemma 3.4.
Corollary 3.7. Let X ∈ g∗ − {0} be almost stable and generic of depth r at x. Then
d(x,X) = d(X) = r.
10
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Proof.
Let E be a tame extension of k and T a split maximal torus of CentG(X) ×k E such that
x ∈ A (T,E). By Lemma 2.2(e) the element Hα is of depth zero for all α ∈ Φ(G, T ). Hence
d(x,X) = dE(x,X) = r by Lemma 3.6. If y ∈ B(GE , E), s ∈ R and X ∈ (g
∗
E)y,s, then
[Yu01, Lemma 8.2] implies that X restricted to Lie(T )(E) lies in Lie(T )∗(E)s. Since X
has depth d(x,X) = r when restricted to Lie(T )(E), we deduce that dE(y,X) ≤ r. Hence
d(X) = d(x,X) = r.
Corollary 3.8. Let X ∈ g∗ − {0} be almost stable and generic of depth r at x. Then X is
almost strongly stable at x.
Proof.
Suppose X is not almost strongly stable at x. Then X ∈ g∗x,r/g
∗
x,r+ is unstable. Since f
is perfect, by [Kem78, Corollary 4.3] there exists a non-trivial one parameter subgroup λ :
Gm → Gx in the reductive quotientGx of G at x (defined over f) such that limt→0 λ(t).X = 0.
Let S be a maximal split torus of Gx containing λ(Gm). Then there exists a split torus S
(defined over Ok) in the parahoric group scheme Px of G at x whose special fiber is S and
whose generic fiber S is a split torus inG. This allows us to lift λ to a one parameter subgroup
λ : Gm → S ⊂ G. Let A (S, k) be the apartment of S (i.e. the apartment of a maximal
torus in G that contains S). Then A (S, k) contains x and is the affine space underlying the
real vector space X∗(S)⊗Z R. If ǫ > 0 is sufficiently small, we obtain X ∈ g
∗
x+ǫλ,r+. Hence
d(X) > r, which contradicts Corollary 3.7.
Recall that if G′ is a Levi subgroup of (a parabolic subgroup of) G, then we have an em-
bedding of the corresponding Bruhat–Tits buildings B(G′, k) →֒ B(G, k). Even though this
embedding is only unique up to some translation, its image is unique. Since we assume that
all tori of G split over tamely ramified extensions of k, every twisted Levi subgroup of G
becomes a Levi subgroup over a finite tamely ramified extension of k. Hence using (tame)
Galois descent, we obtain a well defined image of B(G′, k) in B(G, k) = B for every twisted
Levi subgroup G′ of G. In the sequel, we might identify B(G′, k) with its image in B.
Note that since p does not divide the index of connection of Φ(G) (Lemma 2.2(e)), Adler and
Roche ([AR00, Proposition 4.1]) provide a non-degenerate, G-equivariant, symmetric bilinear
form B : g× g→ k such that the induced identification of g with g∗ identifies gx,r with g
∗
x,r
for all x ∈ B(G, k), r ∈ R. Using the bilinear form to view (g′)∗ = (Lie(G′)(k))∗ as a subset
of g∗, we have the following lemma, which is a translation of a result by Kim–Murnaghan
([KM03, Lemma 2.3.3]) into the dual setting.
Lemma 3.9 (Kim–Murnaghan). Let r ∈ R, x ∈ B, and let X ∈ g∗x,r ⊂ g
∗ be almost
stable and generic of depth r. Denote CentG(X) by G
′ and Lie(CentG(X))(k) by g
′. If
X ′ ∈ (g′)∗r+ ⊂ g
∗ and y ∈ B(G, k)−B(G′, k), then d(y,X +X ′) < d(X).
Proof.
Suppose X 6= 0 as the statement is trivial otherwise. Let E be a tame extension of k and T a
split maximal torus of CentG(X)×kE such that x ∈ A (T,E). By the definition of the bilinear
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form B in the proof of [AR00, Proposition 4.1] (a sum of scalings of killing forms together
with a bilinear form on the center) together with Lemma 3.6, the almost stable and generic
element X corresponds to an element Xˇ of t = Lie(T )(k) ⊂ g, hence of tr = t∩gx,r. Moreover,
it follows from the definition of the bilinear form that dα(Xˇ) = X(Hα). Hence Lemma 3.6
implies that Xˇ is a good semisimple element of depth r. Since CentG(X) = CentG(Xˇ) and
X ′ corresponds to an element in g′r+ under the identification of g
∗ with g, the lemma follows
from [KM03, Lemma 2.3.3], because B preserves depth. (Note that Kim and Murnaghan
impose in [KM03] much stronger conditions onG and k, in particular that k has characteristic
zero. However the required Lemma 2.3.3 holds also in our setting by the same proof and
observing that Corollary 2.2.3 and Lemma 2.2.4 in [KM03] (which are used in the proof of
[KM03, Lemma 2.3.3]) follow from results of Adler and Roche ([AR00]) that are valid in our
situation by our Lemma 2.2.)
To state the following main result in this section more conveniently, we fix a G-equivariant
distance function d : B(G, k) × B(G, k) → R≥0 on the building B(G, k), which is the
restriction of a distance function dE : B(G,E)×B(G,E) → R≥0 for some tame extension
E of k over which G splits that satisfies |α(x− y)| ≤ dE(x, y) for all maximal split tori TE
of GE and all x, y ∈ A (T,E). (This normalization will only become relevant later.)
Proposition 3.10. Let r ∈ R and x ∈ B. If X ∈ g∗x,r is almost strongly stable at x, then
for every ǫ > 0 there exists x′ ∈ B with d(x, x′) < ǫ such that X ∈ g∗x′,r, the coset X + g
∗
x′,r+
contains an element X˜ that is almost strongly stable and generic of depth r at x, and the
points x and x′ are contained in B(CentG(X˜), k) ⊂ B.
Proof.
Let T be a maximal torus of CentG(X) and E a tame extension of k over which T splits.
Choose a point y in A (T,E) ∩B(G, k). If α ∈ Φ(G, TE) and Xα ∈ (gE)α, then X(Xα) =
X(Ad(t)Xα) = α(t)X(Xα) for all t ∈ T (E), hence X(Xα) = 0. Thus the depth of X at
y is equal to the depth of X restricted to t = Lie(T )(k). On the other hand, by [Yu01,
Lemma 8.2], the assumption that X ∈ g∗x,r implies that X restricted to t lies in t
∗
r. Hence
d(y,X) ≥ r. Since r = d(X) by Lemma 3.2, we deduce that d(y,X) = r.
Claim. X + g∗y,r+ contains an almost stable and generic element of depth r.
Proof of claim. Let Φˇ0 ⊂ Φˇ := Φˇ(G, TE) be the collection of coroots αˇ for which
val(X(Hα)) > r. Note that Φˇ0 is a closed subsystem of Φˇ (i.e. ZΦˇ0 ∩ Φˇ = Φˇ0). Since
ZΦˇ/ZΦˇ0 is p-torsion free by Lemma 2.2(c), we also have Φˇ0 = QΦˇ0 ∩ Φˇ. Moreover, since X
and T are defined over k, the set Φˇ0 is stable under the action of the Galois group Gal(E/k).
Let Y ⊂ gE = Lie(G)(E) be the E-subspace spanned by {Hα | αˇ ∈ Φˇ0}. By the above
observations about Φˇ0, the subspace Y is Gal(E/k)-stable, and if Hα ∈ Y , then αˇ ∈ Φˇ0.
Define
Y ⊥T :=
{
Z ∈ Lie(T )(E) | dα(Z) = 0 ∀αˇ ∈ Φˇ0
}
.
Then Y ⊥T is a Gal(E/k)-stable complement to Y in Lie(T )(E), and we set
Y ⊥ := Y ⊥T ⊕
⊕
α∈Φ(G,T )
(gE)α.
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Then Y ⊥ is a Gal(E/k)-stable complement to Y in gE , and we define X
′ ∈ g∗E by
X ′(Z + Z⊥) = X(Z) for all Z ∈ Y, Z⊥ ∈ Y ⊥.
Since Y and Y ⊥ are Gal(E/k)-stable and X is defined over k, the linear functional X ′ is
Gal(E/k)-invariant and hence defined over k, i.e. we can view X ′ as an element of g∗.
Let ∆ˇ0 be a basis for Φˇ0, and ∆ˇ a basis for Φˇ containing ∆ˇ0 (which is possible by [Bou02,
VI.1, Proposition 24]). For αˇ ∈ ∆ˇ, we denote by ωˇα ∈ QΦˇ the fundamental coweight
corresponding to α, i.e. 〈ωˇα, α〉 = 1 and 〈ωˇα, β〉 = 0 for βˇ ∈ ∆ˇ−{αˇ}. Similarly, for αˇ ∈ ∆ˇ0,
let ωˇ0α ∈ QΦˇ0 be the fundamental coweight with respect to the (co-)root system Φˇ0. By
Lemma 2.2(e), we have ωˇα ∈ Z
[
1
|W |
]
Φˇ and ωˇ0α ∈ Z
[
1
|W |
]
Φˇ0. Denote by Hωˇα (αˇ ∈ ∆ˇ)
and Hωˇ0
α′
(αˇ′ ∈ ∆ˇ0) the image of ωˇα and ωˇ
0
α′ under the linear map Z
[
1
|W |
]
Φˇ → Lie(T )(E)
obtained by sending αˇ′′ to Hα′′ (α
′′ ∈ Φ). Then we have
Hωˇα ≡
{
0 mod Y ⊥ for αˇ ∈ ∆ˇ− ∆ˇ0
Hωˇ0α mod Y
⊥ for αˇ ∈ ∆ˇ0.
For β ∈ Φ, we have βˇ =
∑
αˇ∈∆ˇ
〈
βˇ, α
〉
ωˇα, and hence we obtain
Hβ =
∑
αˇ∈∆ˇ
〈
βˇ, α
〉
Hωˇα ≡
∑
αˇ∈∆ˇ0
〈
βˇ, α
〉
Hωˇ0α mod Y
⊥. (2)
Recall that
〈
βˇ, α
〉
are integers for αˇ ∈ ∆ˇ and that the index of the coroot lattice ZΦˇ0 in the
coweight lattice Z[ωˇα | αˇ ∈ Φˇ0] is coprime to p by Lemma 2.2(e). Hence
∑
αˇ∈∆ˇ0
〈
βˇ, α
〉
Hωˇ0α
is contained in the Ok-span of {Hα | αˇ ∈ Φˇ0}. Thus, by the definition of Φˇ0, we obtain
val(X ′(Hβ)) > r for all βˇ ∈ Φˇ. In addition, X
′ vanishes on the center of gE and on⊕
α∈Φ(G,T )(gE)α, because these subspaces are contained in Y
⊥. Hence, by Lemma 2.2(e), we
have val(X ′((gE)y,0)) ⊂ R>r.
Using that the Moy–Prasad filtration behaves well with respect to base change (Equation
(1)), we obtain
val(X ′(gy,−r)) ⊂ val(X
′((gE)y,−r)) ⊂ R≥−r + val(X
′((gE)y,0)) ⊂ R>0.
Thus X ′ ∈ g∗y,r+, and X˜ = X − X
′ ∈ X + g∗y,r+ with val(X˜(Hα)) = r for αˇ 6∈ Φˇ0 and
X˜(Hα) = 0 for αˇ ∈ Φˇ0.
In order to prove the claim, it remains to show that the orbit of X˜ is closed. Since p ∤
|W | we can G-equivariantly identify g∗ with g as above. Since T is in CentG(X) and acts
trivially on X ′, the torus T also centralizes X˜ = X −X ′, and hence X˜ ⊂ Lie(T )(E) under
the identification of g∗ with g. Thus X˜ is semisimple, and therefore its G-orbit is closed
([Bor91, 9.2]). Hence X˜ ∈ X + g∗y,r+ is almost stable and generic of depth r at y.
To finish the proof of the lemma, recall that d(x, X˜ +X ′) = d(x,X) = r = d(y, X˜) = d(X˜)
(by Corollary 3.7). We write G′ = CentG(X˜) and g
′ = Lie(G′)(k). Since X ′ has depth
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greater r at y and vanishes on
⊕
α∈Φ(G,T )(gE)α, it lies in (g
′)∗r+ ⊂ g
∗. Hence we deduce
from Lemma 3.9 that x ∈ B(G′, k). Thus there exists a maximal torus T˜ in G′ ⊂ G with
x ∈ A (T˜ ), and, by Lemma 3.6, the element X˜ is almost stable and generic of depth r at x.
If X˜ ∈ X + g∗x,r+, then we are done by choosing x
′ = x and observing that X = X˜ .
Hence it remains to consider the case that X˜ /∈ X + g∗x,r+. Then d(x,X
′) = d(x,X − X˜) =
r < d(y,X ′) ≤ d(X ′). Viewing these as depths for B(G′, k), we deduce from [AD02,
Corollary 3.2.6] (together with their remark at the beginning of Section 3) that the coset
X ′ + (g′)∗r+ is degenerate, i.e. contains an unstable element. Hence X
′ ∈ (g′)∗r/(g
′)∗r+ is
unstable by [MP94, 4.3. Proposition]. Since f is perfect, by [Kem78, Corollary 4.3] there
exists a non-trivial one parameter subgroup λ : Gm → G
′
x in the reductive quotient G
′
x of
G′ at x (defined over f) such that limt→0 λ(t).X ′ = 0. As in the proof of Corollary 3.8, we
let S be a maximal split torus of G′x containing λ(Gm), and S a split torus (defined over
Ok) in the parahoric group scheme P
′
x of G
′ at x whose special fiber is S and whose generic
fiber S is a split torus in G′. This allows us to consider λ as an element λ of X∗(S). Let
A (S, k) be the apartment of S (i.e. the apartment of a maximal (maximally split) torus
TS ⊂ G
′ containing S). Then A (S, k) contains x and is the affine space underlying the real
vector space X∗(S) ⊗Z R. If ǫ > 0 is sufficiently small, then X
′ ∈ g∗x+ǫλ,r+ and X ≡ X˜
mod g∗x+ǫλ,r+. Let E
′ be a tamely ramified extension of k over which TS splits. Then
x′ := x+ ǫλ ∈ A (TS, E)∩B(G, k), and since TS ⊂ G
′ = CentG(S), the element X˜ is almost
stable and generic at x′ of depth r (by Lemma 3.6). Assuming ǫ is sufficiently small, the
quotient g∗x′,r/g
∗
x′,r+ is a quotient of a subspace of g
∗
x,r/g
∗
x,r+, and the reductive quotientGx′ is
a quotient of a subgroup ofGx. Identifying the images of (t
∗
S)r in g
∗
x′,r/g
∗
x′,r+ and in g
∗
x,r/g
∗
x,r+
and the root subspaces of g∗x′,r/g
∗
x′,r+ with the corresponding root subspaces in g
∗
x,r/g
∗
x,r+, we
can view g∗x′,r/g
∗
x′,r+ as a subspace of g
∗
x,r/g
∗
x,r+, and similarly view Gx′ as a subgroup of Gx.
Under this identification limt→0 λ(t).X = limt→0 λ(t).(X˜+X ′) = limt→0 λ(t).X˜ ∈ g
∗
x,r/g
∗
x,r+ is
contained in g∗x′,r/g
∗
x′,r+ and coincides with the image of X˜ in g
∗
x′,r/g
∗
x′,r+. SinceX ∈ g
∗
x,r/g
∗
x,r+
is semistable under the action of Gx, the limit limt→0 λ(t).X is also semistable under the
action of Gx, and hence under the action of Gx′ ⊂ Gx. Thus X˜ ⊂ X + gx′,r+ is almost
strongly stable at x′.
Aside 3.11. The claim proved within the proof of Proposition 3.10 is the dual statement
of [Fin18, Theorem 3.3] and could be deduced from the latter as well. We decided to
give an independent (but analogous) proof so that the reader has the option to see what
assumptions on p enter the claim at which point and observe that in many cases slightly
weaker assumptions on p suffice.
4 The datum
In this section we define the notion of a datum of G and what it means for a datum to be
contained in a smooth irreducible representation of G(k). In Section 6 (Theorem 6.1) we
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will show that every irreducible representation contains such a datum. From this result we
will deduce in Section 7 (Theorem 7.12) and Section 8 (Theorem 8.1) that every irreducible
representation contains a type of the form constructed by Kim–Yu ([KY17]) based on Yu’s
construction of supercuspidal representations ([Yu01]) and that Yu’s construction yields all
supercuspidal representations.
Definition 4.1. Let n ∈ Z≥0. An extended datum of G of length n is a tuple
(x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1, (ρ0, Vρ0))
where
(a) r1 > r2 > . . . > rn > 0 are real numbers
(b) Xi ∈ g
∗
x,−ri
− {0} for 1 ≤ i ≤ n
(c) G = G1 ⊇ G2 ) G3 ) . . . ) Gn+1 are twisted Levi subgroups of G
(d) x ∈ B(Gn+1, k) ⊂ B(G, k)
(e) (ρ0, Vρ0) is an irreducible representation of (G
der
n+1)x,0/(G
der
n+1)x,0+
satisfying the following conditions for all 1 ≤ i ≤ n
(i) Xi ∈ g
∗
i := Lie(Gi)(k)
∗ ⊂ g∗
(ii) Xi is almost strongly stable and generic of depth −ri at x ∈ B(Gi, k) as element of g
∗
i
(under the action of Gi)
(iii) Gi+1 = CentGi(Xi)
A truncated extended datum of G of length n is a tuple
(x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1)
of data as above satisfying (a) through (d) and (i) through (iii).
Definition 4.2. Let n ∈ Z≥0. A datum of G of length n is a tuple (x, (Xi)1≤i≤n, (ρ0, Vρ0))
consisting of a point x ∈ B(G, k), elements Xi ∈ g
∗ for 1 ≤ i ≤ n and an irreducible represen-
tation (ρ0, Vρ0) of CentG(
∑n
i=1Xi)
der(k)∩Gx,0/CentG(
∑n
i=1Xi)
der(k)∩Gx,0+ for which there
exist real numbers r1 > r2 > . . . > rn > 0 and a sequence of twisted Levi subgroups G =
G1 ⊇ G2 ) G3 ) . . . ) Gn+1 of G such that (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1, (ρ0, Vρ0)) is
an extended datum.
A truncated datum of G of length n is a tuple (x, (Xi)1≤i≤n) consisting of a point x ∈ B(G, k)
and elements Xi ∈ g
∗ for 1 ≤ i ≤ n for which there exist real numbers r1 > r2 > . . . > rn > 0
and a sequence of twisted Levi subgroups G = G1 ⊇ G2 ) G3 ) . . . ) Gn+1 of G such that
(x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1) is a truncated extended datum.
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Given a truncated datum (x, (Xi)1≤i≤n) or a datum (x, (Xi)1≤i≤n, (ρ0, Vρ0)) of G of length
n, we denote by (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1) the unique truncated extended datum
containing it or by (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1, (ρ0, Vρ0)) the unique extended datum
containing it, respectively, as in Definition 4.2. For convenience, we set rn+1 = 0. In addition,
we define for 1 ≤ i ≤ n + 1 the following associated subgroups
• H1 := G1 if G1 = G2 and H1 := G
der
1 if G1 6= G2
• Hi := G
der
i for i > 1
• (Hi)x,r˜ := Gx,r˜ ∩Hi(k) = (Hi)xi,r˜ for r˜ ∈ R˜≥0 := R≥0 ∪ {r + | r ∈ R≥0},
where xi denotes the image of x ∈ B(Gi, k) in B(Hi, k). In order to define another subgroup
(Hi)x,r˜,r˜′ of G(k) for r˜ ≥ r˜
′ ≥ r˜
2
> 0 (r˜, r˜′ ∈ R˜) and 1 ≤ i ≤ n, we choose a maximal torus T
of Gi+1 and denote by E a finite tamely ramified extension of k over which T splits. Then
we define
(Gi)x,r˜,r˜′ := G(k)∩〈T (E)r˜, Uα(E)x,r˜, Uβ(E)x,r˜′ |α ∈ Φ(Gi, T ) ⊂ Φ(G, T ), β ∈ Φ(Gi, T )− Φ(Gi+1, T ) 〉 ,
where Uα(E)x,r denotes the Moy–Prasad filtration subgroup of depth r (at x) of the root
group Uα(E) ⊂ G(E) corresponding to the root α, and
(Hi)x,r˜,r˜′ := Hi(k) ∩ (Gi)x,r˜,r˜′
Note that (Hi)x,r˜,r˜′ is denoted (Hi+1, Hi)(k)xi,r˜,r˜′ in [Yu01]. Yu ([Yu01, p. 585 and p. 586])
shows that this definition is independent of the choice of T and E. We define the subalgebras
hi, (hi)x,r˜ and (hi)x,r˜,r˜′ of g analogously.
Definition 4.3. Let (π, Vπ) be a smooth irreducible representation of G(k). A datum
(x, (Xi)1≤i≤n, (ρ0, Vρ0)) of G is said to be contained in (π, Vπ) if V
∪1≤i≤n+1((Hi)x,ri+)
π contains
a subspace V ′ such that
• (π|(Hn+1)x,0 , V
′) is isomorphic to (ρ0, Vρ0) as a representation of (Hn+1)x,0/(Hn+1)x,0+
and
• (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ acts on V
′ via the character ϕ ◦ Xi for
1 ≤ i ≤ n,
where ϕ : k → C∗ is an additive character of k of conductor P that is fixed throughout the
paper.
Similarly, (π, Vπ) is said to contain a truncated datum (x, (Xi)1≤i≤n) if V
∪1≤i≤n((Hi)x,ri+)
π
contains a one dimensional subspace on which (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+
acts via ϕ ◦Xi for 1 ≤ i ≤ n.
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The data that we are going to use to extract a type from a given representation are the
following.
Definition 4.4. Let (π, Vπ) be a smooth irreducible representation of G(k). We say that a
tuple (x, (Xi)1≤i≤n, (ρ0, Vρ0)) is a datum for (π, Vπ) if (x, (Xi)1≤i≤n, (ρ0, Vρ0)) is a a datum
of G that is contained in (π, Vπ) such that if (x
′, (X ′i)1≤i≤n′ , (ρ
′
0, V
′
ρ0
)) is another datum of
G contained in (π, Vπ), then the dimension of the facet of B(Gn+1, k) that contains x is at
least the dimension of the facet of B(CentG(
∑n′
i=1X
′
i), k) that contains x
′.
5 Some results used to exhibit data
In order to prove that every irreducible representations of G(k) contains a datum, we first
prove a lemma and derive some corollaries that we are going to repeatedly use in the proof
of the existence of a datum in Section 6. (The reader might skip this section at first reading
and come back to it when the results are used in the proof of Theorem 6.1.)
Lemma 5.1. Let x ∈ B(G, k), r ∈ R>0, and let X ∈ g
∗ − {0} be almost stable and
generic of depth −r at x. Write G′ = CentG(X), g
′ = Lie(G′)(k), and T be a maximal
torus of G′ that splits over a tamely ramified extension E of k. We set t = Lie(T )(k),
r′ = g ∩
(⊕
α∈Φ(G′,TE)
(gE)α
)
⊂ g′ and r′′ = g ∩
(⊕
α∈Φ(G,TE)−Φ(G′,TE)
(gE)α
)
, and we denote
by j∗ the subspace of elements in g∗ that vanish on t⊕ r′ = g′. Then
(a) The map fX : r
′′ → g∗ defined by Y 7→ (Z 7→ X([Y, Z])) is a vector space isomorphism
of r′′ onto j∗, and fX(r
′′ ∩ gx,r′) = j
∗ ∩ g∗x,r′−r for r
′ ∈ R.
(b) Let d be a real number such that r
2
≤ d < r. For every 0 < ǫ < r−d
2
, if C ∈ j∗∩g∗x,−(d+ǫ),
then there exists g ∈ Gx,r−d−ǫ ⊂ Gx,0+ such that
(i) Ad(g)(X + C)|gx,r = X|gx,r ,
(ii) Ad(g)(X + C)|r′′∩gx,d+ = 0 = X|r′′∩gx,d+,
(iii) if (π, V ) is a representation of G(k) on which the group
G(k)∩
〈
T (E)r+, Uα(E)x,(d+ǫ)+, Uβ(E)x,r+ |α ∈ Φ(G, TE)− Φ(G
′, TE), β ∈ Φ(G
′, TE)
〉
acts trivially, and V ′ is a subspace of V that is stable under the action of a subgroup
H of G′der(k)∩Gx,(2d−r+2ǫ)+, then g
−1Hg preserves V ′ and (gπ|H , V
′) = (π|H, V
′),
where Ad denotes the contragredient of the adjoint action.
Proof.
(a) Let Y ∈ r′′. Recall that [(gE)α, (gE)β] ⊂ (gE)α+β for α, β ∈ Φ(G, TE), α 6= −β (where
(gE)α+β = {0} if α + β /∈ Φ(G, TE)). Hence, if Z ∈ r
′, then [Y, Z] ∈ r′′, and X([Y, Z]) = 0
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by Lemma 3.6. Similarly, if Z ∈ t, then [Y, Z] ∈ r′′, and X([Y, Z]) = 0. Thus the image of
the linear map fX is contained in j
∗ ⊂ g∗.
Choose a Chevalley system {xα : Gm → GE |α ∈ Φ(G, TE)} for GE with corresponding Lie
algebra elements {Xα = dxα(1) |α ∈ Φ(G, TE)}. Then for α ∈ Φ(G, TE) − Φ(G
′, TE), we
have [Xα, X−α] = Hα = dαˇ(1). Hence, extending fX linearly to r
′′⊗kE, the element fX(Xα)
in j∗ ⊗k E is a map that sends Xβ to cδ−α,β for β ∈ Φ(G, TE)−Φ(G
′, TE) for some constant
c ∈ E with val(c) = val(X(Hα)) = −r, by Lemma 3.6. From this description, we see that
d(x, fX(Xα)) = −r − d(x,X−α) = −r − (−α(x)) = α(x) − r while d(x,Xα) = α(x). Thus
fX(r
′′⊗kE ∩ (gE)x,r′) = j
∗⊗kE ∩ (g
∗
E)x,r′−r, and hence fX(r
′′∩gx,r′) = j
∗∩ (g∗)x,r′−r because
E is tamely ramified over k. In particular, fX : r
′′ → j∗ is a vector space isomorphism.
(b) By (a), there exists Y ∈ r′′ of depth≥ r−d−ǫ > 0 such that C = X([Y, ]). Let exp denote
a mock exponential function from gx,r−d−ǫ to Gx,r−d−ǫ as defined in [Adl98, Section 1.5], i.e.
if Y =
∑
α∈Φ(G,TE)−Φ(G′,TE)
aαXα for some aα ∈ E, then
exp(Y ) ≡
∏
α∈Φ(G,TE)−Φ(G′,TE)
xα(aα) mod G(E)x,2(r−d−ǫ)
(viewing exp(Y ) ∈ G(k) inside G(E)) for some fixed (arbitrarily chosen) order of the roots
Φ(G, TE) − Φ(G
′, TE). We set g = (exp(−Y ))
−1. Note that Y ∈ gx,r−d−ǫ implies that
xα(−aα) ∈ G(E)x,r−d−ǫ.
Let Z ∈ gx,r′ for some r
′ ∈ R. Then by [Adl98, Proposition 1.6.3], we have
Ad(g−1)(Z) ≡ Z + [−Y, Z] mod gx,r′+2(r−d−ǫ).
Hence, using that g ∈ Gx,r−d−ǫ, X ∈ g
∗
x,−r, C ∈ g
∗
x,−(d+ǫ), Y ∈ gx,r−d−ǫ and ǫ <
r−d
2
, we obtain
Ad(g)(X + C)(Z) = X(Ad(g−1)(Z)) + C(Ad(g−1)(Z)) = X(Z) for Z ∈ gx,r, and
Ad(g)(X + C)(Z) = X(Ad(g−1)(Z)) + C(Ad(g−1)(Z)) = X(Z + [−Y, Z]) + C(Z) = X(Z)
for Z ∈ r′′ ∩ gx,d+ (using C = X([Y, ])).
To prove the remaining claim, observe that for h ∈ H ⊂ G′(k) ∩ Gx,(2d−r+2ǫ)+, α ∈
Φ(G, TE)− Φ(G
′, TE) and xα(aα) ∈ G(E)x,r−d−ǫ, we have xα(aα)hxα(aα)
−1 = h · u for some
u in
〈
Uα(E)x,(d+ǫ)+ |α ∈ Φ(G, TE)− Φ(G
′, TE)
〉
, and hence
ghg−1 ≡ h · u′ mod G(E)x,r+
for some u′ in
〈
Uα(E)x,(d+ǫ)+ |α ∈ Φ(G, TE)− Φ(G
′, TE)
〉
. Thus π(ghg−1) = π(h).
Corollary 5.2. Let n be a positive integer and (x, (Xi)1≤i≤n) a truncated datum of length
n (with corresponding truncated extended datum (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1)). Let
1 ≤ j ≤ n, choose a maximal torus Tj of CentHj (Xj) ⊂ Hj that splits over a tame extension
E of k and such that xj ∈ A (Tj, E)∩B(Hj, k). Write tj = Lie(Tj)(k). Let (π, V ) be a rep-
resentation of G(k). Let d, ǫ ∈ R such that
rj
2
≤ d < rj and
rj−d
2
> ǫ > 0. Suppose that V ′ is
18
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a nontrivial subspace of V
⋃
1≤i≤j(Hi)x,ri+ on which (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+
acts via ϕ ◦ Xi for 1 ≤ i ≤ j − 1 and (Hj)x,rj−ǫ,d+/(Hj)x,rj+ ≃ (hj)x,rj−ǫ,d+/(hj)x,rj+ acts
via ϕ ◦ (Xj + C) for some C ∈ (h
∗
j)x,−(d+ǫ) that is trivial on tj ⊕ hj+1. Then there exists
g ∈ (Hj)x,rj−d−ǫ such that
(i) V ′′ := π(g)V ′ ⊂ V
⋃
1≤i≤j(Hi)x,ri+
(ii) (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ acts on V
′′ via ϕ ◦Xi for 1 ≤ i ≤ j − 1
(iii) (Hj)x,rj ,d+/(Hj)x,rj+ ≃ (hj)x,rj,d+/(hj)x,rj+ acts on V
′′ via ϕ ◦Xj
(iv) any subgroup H of (Hj+1)x,(2d−rj+2ǫ)+ that stabilizes V
′ also stabilizes V ′′ and (π|H , V
′′) ≃
(π|H , V
′).
Proof.
Let g ∈ (Hj)x,rj−d−ǫ be as constructed in the proof of Lemma 5.1(b) applied to the group
Hj with almost stable and generic element Xj of depth rj. Hence (π|H , V
′′) ≃ (π|H , V
′)
by Lemma 5.1(b)(iii). Note that g−1((Hi)x,ri+)g = (Hi)x,ri+ for 1 ≤ i ≤ j. Thus V
′′ ⊂
V
⋃
1≤i≤j(Hi)x,ri+. To show (ii), recall that g−1 =
∏
α∈Φ(Hj ,(Tj)E)−Φ(CentHj (Xj),(Tj)E)
xα(−aα)g
′
with g′ ∈ Hj(E)x,2rj−2d−2ǫ and xα(−aα) ∈ Hj(E)x,rj−d−ǫ. Hence for h ∈ (Hi)x,ri, ri2 +
for
1 ≤ i < j we have g−1hg ≡ h mod (Hi)x,ri+,( ri2 +rj−d−ǫ)+
with rj − d − ǫ > 0, and there-
fore (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ acts on V
′′ via ϕ ◦ Xi. In addition, we
have g−1(Hj)x,rj ,d+g ⊂ (Hj)x,rj−ǫ,d+. Since (Hj)x,ri−ǫ,d+/(Hj)x,rj+ ≃ (hj)x,rj−ǫ,d+/(hj)x,rj+
acts via ϕ ◦ (Xj + C) on V
′, we obtain from Lemma 5.1(b) that (Hj)x,rj,d+/(Hj)x,rj+ ≃
(hj)x,rj ,d+/(hj)x,rji+ acts on V
′′ via ϕ ◦Xj .
Corollary 5.3. Let n be a positive integer and (x, (Xi)1≤i≤n) a truncated datum of length n
(with corresponding truncated extended datum (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1)). Let T
be a maximal torus of Gn+1, set t = Lie(T )(k), and let (π, V ) be a representation of G(k).
Let 0 < ǫ < rn
4
such that (Hi)x,ri−ǫ, ri2 +
= (Hi)x,ri, ri2 +
for all 1 ≤ i ≤ n. Suppose that V ′
is a nontrivial subspace of V
⋃
1≤i≤n(Hi)x,ri+ on which the action of (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃
(hi)x,ri, ri2 +
/(hi)x,ri+ via π is given by ϕ ◦ (Ci +Xi) for some Ci ∈ (hi)
∗
x,−(
ri
2
+ǫ)
that is trivial
on (t ∩ hi)⊕ hi+1 for all 1 ≤ i ≤ n. Then there exists g ∈ Gx, rn
2
−ǫ ⊂ Gx,0+ such that
(i) V ′′ := π(g)V ′ ⊂ V
⋃
1≤i≤n(Hi)x,ri+
(ii) (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ acts on V
′′ via ϕ ◦Xi for 1 ≤ i ≤ n
(iii) any subgroup H of (Hn+1)x,2ǫ+ that stabilizes V
′ also stabilizes V ′′ and (π|H, V
′′) ≃
(π|H , V
′).
Proof.
Since (Hi)y,ri−ǫ, ri2 +
= (Hi)y,ri, ri2 +
for all 1 ≤ i ≤ n, we can apply Corollary 5.2 successively
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for j = 1, 2, . . . , n with d = r1
2
, r2
2
, . . . , rn
2
, respectively. We obtain g = gn · . . . · g1 ∈
(Hn)x, rn
2
−ǫ · . . . · (H1)x, r1
2
−ǫ ⊂ Gx, rn2 −ǫ such that π(g)V
′ ⊂ V ∪1≤i≤j−1((Hi)y,ri+) and the action of
(Hi)y,ri, ri2 +
/(Hi)y,ri+ ≃ (hi)y,ri, ri2 +
/(hi)y,ri+ on π(g)V
′ via π is given by ϕ ◦Xi for 1 ≤ i ≤ n,
and the action of any subgroup H of (Hn+1)x,2ǫ+ that stabilizes V
′ also stabilizes V ′′ and
(π|H , V
′′) ≃ (π|H , V
′).
Corollary 5.4. Let n be a positive integer and (x, (Xi)1≤i≤n) a truncated datum of length
n (with corresponding truncated extended datum (x, (ri)1≤i≤n, (Xi)1≤i≤n, (Gi)1≤i≤n+1)). Let
(π, V ) be a representation of G(k). Let 0 < ǫ < rn
4
such that (Hn)x,rn−2ǫ = (Hn)x,rn. Suppose
that V ′ is a nontrivial subspace of V
⋃
1≤i≤n(Hi)x,ri+ on which the action of (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃
(hi)x,ri, ri2 +
/(hi)x,ri+ via π is given by ϕ ◦ (Xi) for all 1 ≤ i ≤ n − 1, and the action
of (Hn)x,rn/(Hn)x,rn+ ≃ (hn)x,rn/(hn)x,rn+ via π is given by ϕ ◦ (Xn). Then there exists
g ∈ (Hn)x,ǫ ⊂ Gx,0+ such that
(i) V ′′ := π(g)V ′ ⊂ V
⋃
1≤i≤n(Hi)x,ri+, and
(ii) (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ acts on V
′′ via ϕ ◦Xi for 1 ≤ i ≤ n.
Proof.
Let T be a maximal torus of Gn+1 with Lie algebra t = Lie(T )(k). Let d = max(
rn
2
, rn− 3ǫ).
Since (Hn)x,rn−2ǫ = (Hn)x,rn, the action of (Hn)x,rn−ǫ,d+ on V
′ factors through (Hn)x,rn−ǫ,d+/(Hn)x,rn+
and on this quotient is given by ϕ ◦ (Xn + C3) for some C3 ∈ (hn)
∗
x,−(rn−2ǫ)
that is trivial on
t∩hn⊕hn+1. Applying Corollary 5.2 for j = n and d = max(
rn
2
, rn−3ǫ), we obtain g3 ∈ (Hn)x,ǫ
such that π(g3)V
′ ⊂ V
⋃
1≤i≤n(Hi)x,ri+ , the group (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+
acts on π(g3)V
′ via ϕ◦Xi for 1 ≤ i ≤ n−1 and (Hn)x,rn,d+/(Hn)x,rn+ ≃ (hn)x,rn,d+/(hn)x,rn+
acts on π(g3)V
′ via ϕ◦Xn. Using the same reasoning, we can apply Corollary 5.2 for j = n re-
peatedly with d = rn−4ǫ, rn−5ǫ, rn−6ǫ, . . . , rn−(N−1)·ǫ, rn−N ·ǫ,
rn
2
, where N is the largest
integer for which N ·ǫ < rn
2
. By doing this, we obtain g = gN+1 ·gN ·gN−1 . . . g5 ·g4·g3 ∈ (Hn)x,ǫ
such that V ′′ = π(g)V ′ ⊂ V
⋃
1≤i≤n(Hi)x,ri+ , and (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+
acts on V ′′ via ϕ ◦Xi for 1 ≤ i ≤ n.
6 Every irreducible representation contains a datum
Theorem 6.1. Let (π, Vπ) be a smooth irreducible representation of G(k). Then (π, Vπ)
contains a datum.
Proof.
Let j be an integer such that (π, Vπ) contains a truncated datum (xj−1, (Xi)1≤i≤j−1) of G of
length j − 1, and write Bj := B(Gj , k) ⊂ B = B(G, k).
If (π, Vπ) does not contain a truncated datum, then we set j = 1, Gj = G, hence Bj = B.
Moreover, we let x0 = xj−1 be an arbitrary point of B and denote by r0 = rj−1 the depth of
(π, Vπ) at x0.
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The strategy of this proof is to successively increase the length of the truncated datum until
we reach its maximum and then to show how to turn it into a datum that is contained in
(π, Vπ).
We define a function f : Bj → R≥0 ∪ ∞ as follows: For y ∈ Bj , we set f(y) to be the
smallest non-negative real number rj such that
• the truncated datum (y, (Xi)1≤i≤j−1) is contained in (π, Vπ)
• there exists Xj ∈ (gj)
∗
y,−rj
almost stable, where gj = Lie(Gj)(k), and
• there exists Vj−1 ⊂ V
∪1≤i≤j−1((Hi)y,ri+)
π
satisfying the following two properties
(a) for 1 ≤ i ≤ j − 1 the group
(Hi)y,ri, ri2 +
/(Hi)y,ri+ ≃ (hi)y,ri, ri2 +
/(hi)y,ri+
associated to (y, (Xi)1≤i≤j−1) acts on Vj−1 via ϕ ◦Xi (this condition is automatically
satisfied for j = 1), and
(b) V
(Hj)y,rj+
j−1 contains a nontrivial subspace V
′
j such that if rj > 0, then (Hj)y,rj/(Hj)y,rj+ ≃
(hj)y,rj/(hj)y,rj+ acts on V
′
j via ϕ ◦Xj .
If such a real number rj does not exist, then we set f(y) =∞.
Note that f is well defined, because the Moy–Prasad filtration is semi-continuous and for
every r ∈ R every (gj)
∗
y,r+-coset contains an almost stable element (e.g. take an element
dual to a semisimple element under the non-degenerate bilinear form B provided by [AR00]
that we discussed on page 11 in Section 3). Moreover, by our assumption, f(xj−1) ≤ rj−1
(because if j > 1, we could take Xj = 0 for rj = rj−1).
Lemma 6.1.1. (i) f(g.x) = f(x) for all x ∈ Bj and g ∈ Gj(k)
(ii) The subset f−1(R≥0) of Bj is open in Bj and the function f : Bj → R≥0 ∪ ∞ is
continuous on f−1(R≥0).
(iii) The subset f−1(R≥0) of Bj is closed in Bj, hence equal to Bj.
Proof of Lemma 6.1.1.
Proof of part (i). Observe that Xi (1 ≤ i < j) and Gi (1 ≤ i ≤ j) are stabilized by Gj(k),
hence the Gj(k)-invariance of f follows.
Proof of part (ii). If j = 1, then f(x) is the depth of π at x, and the claim is true.
Hence we assume j > 1. Let (x, (Xi)1≤i≤j−1) be a truncated datum contained in (π, Vπ),
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Xj ∈ (gj)
∗
x,−f(x) almost stable and V
′
j ⊂ Vj−1 ⊂ V
∪1≤i≤j−1((Hi)x,ri+)
π satisfying the conditions
(a) and (b) above. If f(x) > 0, then set rj = f(x), otherwise let 0 < rj ≤ rj−1 be arbitrary.
For 1 ≤ i ≤ j − 1, let di < ri be a positive real number such that (Gi)x,ri−di = (Gi)x,ri. Note
that di > 0 exists for 1 ≤ i ≤ j − 1 by the semi-continuity of the Moy–Prasad filtration.
Let min{
rj
4
, di
2
| 1 ≤ i < j − 1} > ǫ > 0 and let y ∈ Bj with d(x, y) < ǫ. Let T be
a maximal torus of Gj that splits over a tamely ramified extension E of k such that x
and y are contained in A (TE , E). Note that (y, (Xi)1≤i≤j−1) is a truncated datum (by
Lemma 3.6 and Corollary 3.8). By the normalization of the distance d on the building
B, we have |α(x− y)| ≤ d(x, y) < ǫ for all α ∈ Φ(G, TE). Hence, since Xi vanishes on
gi ∩
⊕
α∈Φ(Gi,TE)
g(E)α for 1 ≤ i ≤ j − 1, we have V
′
j ⊂ V
∪1≤i≤j−1((Hi)y,ri+)
π and the action of
(Hi)y,ri− di2 ,
ri
2
+
/(Hi)y,ri+ ≃ (hi)y,ri− di2 ,
ri
2
+
/(hi)y,ri+
via π on V ′j is given by
ϕ ◦ (Ci +Xi)
for some Ci ∈ (hi)
∗
y,−(
ri
2
+ǫ)
being trivial on (t ∩ hi) ⊕ hi+1 for all 1 ≤ i ≤ j − 1. More-
over, Xj ∈ (gj)
∗
x,−rj
⊂ (gj)
∗
y,−rj−ǫ
, and the action of (Hj)y,rj+ǫ on V
′
j−1 factors through
(Hj)y,rj+ǫ/(Hj)y,(rj+ǫ)+ ≃ (hj)y,rj+ǫ/(hj)y,(rj+ǫ)+, on which it is given by ϕ ◦Xj (which, as an
aside, yields the trivial action). By Corollary 5.3, there exists g ∈ G
y,
rj−1
2
−ǫ
⊂ Gy,0+ such
that π(g)V ′j ⊂ V
∪1≤i≤j−1((Hi)y,ri+)
π , the action of (Hi)y,ri, ri2 +
/(Hi)y,ri+ ≃ (hi)y,ri, ri2 +
/(hi)y,ri+
on π(g)V ′j via π is given by ϕ ◦Xi for 1 ≤ i ≤ j − 1, and the action of (Hj)y,rj+ǫ ⊂ (Hj)y,2ǫ+
on π(g)V ′j factors through (Hj)y,rj+ǫ/(Hj)y,(rj+ǫ)+ ≃ (hj)y,rj+ǫ/(hj)y,(rj+ǫ)+ and is given by
ϕ ◦Xj. Thus f(y) ≤ rj + ǫ. Hence the set f
−1(R≥0) is open in Bj .
Moreover, if f(x) = 0, then this implies that f is continuous on f−1(R≥0), because f(y) ≥ 0
and rj > 0 can be chosen arbitrarily small in this case.
It remains to prove continuity around x in the case f(x) = rj > 0. Suppose f(y) < rj−ǫ, and
letX ′j ∈ (gj)
∗
y,−(rj−ǫ)+
be almost stable satisfying condition (b) above. Note that (Gi)y,ri− di2
=
(Gi)y,ri for 1 ≤ i ≤ j − 1. Hence, by the same reasoning as above (switching x and y), we
deduce that f(x) < rj, a contradiction. Thus f(y) ≥ rj−ǫ and f is continuous on f
−1(R≥0).
Proof of part (iii). Suppose y ∈ Bj is in the closure of f
−1(R≥0), and let d > 0 be sufficiently
small such that for all r ∈ R≥d with Gy,r 6= Gy,r+ we have Gy,r−d = Gy,r. Let
d
8
> ǫ > 0 and
x ∈ f−1(R≥0) with d(x, y) < ǫ. Then Gx,r 6= Gx,r+ implies Gx,r−d+2ǫ = Gx,r (if r ∈ R≥d−2ǫ),
hence Gx,r− d
2
= Gx,r, and Gx,0+ = Gx, d
2
. Thus we can apply the proof of part (ii) to deduce
that f(y) is finite.
Lemma 6.1.1
Since f is Gj(k)-equivariant, continuous, bounded below by zero, and the fundamental do-
main for the action of Gj(k) on Bj is bounded, there exists a point xj ∈ Bj such that
f(xj) ≤ f(x) for all x ∈ Bj . Define rj = f(xj) and note that rj ≤ f(xj−1) ≤ rj−1.
We distinguish two cases.
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Case 1: rj > 0.
Let (xj , (Xi)1≤i≤j−1) be a truncated datum contained in (π, Vπ), Xj ∈ (gj)
∗
x,rj
almost stable
and V ′j ⊂ Vj−1 ⊂ V
∪1≤i≤j−1((Hi)x,ri+)
π satisfying the conditions (a) and (b) above.
Lemma 6.1.2. The element Xj of g
∗
j is almost strongly stable at xj ∈ Bj.
Proof of Lemma 6.1.2. Suppose Xj is not almost strongly stable. Since Xj is almost
stable, this implies that Xj ∈ ((gj)xj ,rj/(gj)xj ,rj+)
∗ is unstable. Thus, by [Kem78, Corol-
lary 4.3] there exists a non-trivial one parameter subgroup λ : Gm → (Gj)xj in the re-
ductive quotient (Gj)xj of Gj at xj such that limt→0 λ(t).Xj = 0. This means Xj is
trivial on the root spaces corresponding to roots α with 〈α, λ〉 < 0. Let S be a split
torus of the parahoric group scheme (Pj)xj of Gj such that Sf is a maximal split torus
of (Gj)xj containing λ(Gm). Let λ : Gm → Sk be the one parameter subgroup corre-
sponding to λ. Let Tj ⊂ Gj be a maximal torus containing Sk which splits over a tame
extension E of k such that xj ∈ A (TE , E) ∩ Bj . Then for ǫ > 0 small enough, we have
(Hj)xj+ǫλ,rj ⊂ (Hj)xj ,rj and Xj ∈ (gj)
∗
xj+ǫλ,−rj
, where xj + ǫλ ∈ A (TE , E) ∩ Bj. More-
over, the image of Xj in (gj)
∗
xj+ǫλ,−rj
/(gj)
∗
xj+ǫλ,−rj+
is trivial. Let rj > δ > 0 such that
the subgroup (Hj)xj+ǫλ,rj−δ equals (Hj)xj+ǫλ,rj and therefore acts trivially on V
′
j . Analo-
gously to the first part of the proof of Lemma 6.1.1(ii), for ǫ sufficiently small, there exist
di > 0 for 1 ≤ i ≤ j − 1 such that we have V
′
j ⊂ V
∪1≤i≤j−1((Hi)xj+ǫλ,ri+)
π and the action
of (Hi)xj+ǫλ,ri− di2 ,
ri
2
+
/(Hi)xj+ǫλ,ri+ ≃ (hi)xj+ǫλ,ri− di2 ,
ri
2
+
/(hi)xj+ǫλ,ri+ via π on V
′
j is given by
ϕ ◦ (Ci +Xi) for some Ci ∈ (hi)
∗
xj+ǫλ,−(
ri
2
+ǫ)
being trivial on (t ∩ hi)⊕ hi+1 for all 1 ≤ i < j,
and (xj + ǫλ, (Xi)1≤i≤j−1) is a truncated datum. Assuming ǫ is sufficiently small and ap-
plying Corollary 5.3 (or if j = 1, set g = 1), we obtain g ∈ Gxj+ǫλ,0+ such that π(g)V
′
j ⊂
V
∪1≤i≤j−1((Hi)xj+ǫλ,ri+)
π , the action of (Hi)xj+ǫλ,ri, ri2 +
/(Hi)xj+ǫλ,ri+ ≃ (hi)xj+ǫλ,ri, ri2 +
/(hi)xj+ǫλ,ri+
on π(g)V ′j via π is given by ϕ ◦ Xi for 1 ≤ i ≤ j − 1, and the action of (Hj)xj+ǫλ,rj−δ on
π(g)V ′j is trivial. Hence f(xj + ǫλ) ≤ rj − δ < rj = f(xj), which contradicts the choice of
xj . Thus Xj is almost strongly stable. Lemma 6.1.2
Now we can show that, after changing xj and Xj if necessary, we obtain a truncated datum
of G of length j that is contained in (π, Vπ).
Lemma 6.1.3. There exists a choice of xj and Xj as above such that (xj , (Xi)1≤i≤j) is a
truncated datum contained in (π, Vπ).
Proof of Lemma 6.1.3. Let xj and Xj be as in Lemma 6.1.2. Let ǫ > 0 be sufficiently
small (as specified later). By Proposition 3.10 (applied to Gj) there exists y ∈ Bj ⊂ B
and X˜ ∈ Xj + (gj)
∗
y,(−rj)+
such that d(xj , y) < ǫ, the element X˜ is almost strongly stable
and generic of depth −rj at y, and xj and y are contained in B(CentGj (X˜), k) ⊂ Bj . Note
that for ǫ sufficiently small, we have (Hj)y,rj ⊂ (Hj)xj ,rj and the action of (Hj)y,rj on V
′
j
factors through (Hj)y,rj/(Hj)xj ,rj+ on which it is given by Xj. Since Xj − X˜ ∈ (hj)
∗
y,(−rj)+
,
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this difference is trivial on (hj)y,rj . Therefore the action of (Hj)y,rj/(Hj)xj ,rj+ on V
′
j is also
given by X˜ , and, in particular, it factors through (Hj)y,rj/(Hj)y,rj+. Moreover, the tuple
(y, (Xi)1≤i≤j−1) is a truncated datum (by Lemma 3.6 and Corollary 3.8, as in the proof of
Lemma 6.1.1(ii)). Substituting Xj by X˜ and applying Corollary 5.3 (if j > 1) as in the
proofs of Lemma 6.1.1 and Lemma 6.1.2 and possibly substituting V ′j by π(g)V
′
j for some
g ∈ Gy,0+, we can achieve that (a) and (b) above are satisfied at the point y. This implies
that f(y) = rj .
Note that (y, (Xi)1≤i≤j) is a truncated datum. (If j > 2, then Gj 6= CentGj (Xj), because oth-
erwise Xj(hj) = 0 and hence f(xj) would not be minimal.) By Corollary 5.4 this truncated
datum is contained in (π, Vπ). Lemma 6.1.3
Since Gj ( Gj−1 for j > 2, after repeating this construction finitely many times we obtain
an integer n and a truncated datum (xn, (Xi)1≤i≤n) contained in (π, Vπ) with rn+1 = 0, i.e.
we move to the second case.
Case 2: rj = 0. Let V
′
j be the maximal subspace of V
∪1≤i≤j ((Hi)xj ,ri+)
π satisfying (a) and
(b) above. Note that (Hj)xj ,0 stabilizes V
′
j , because (Hj)xj ,0 centralizes Xi and stabilizes
(Hi)xj ,ri+ and (Hi)xj ,ri, ri2 +
for 1 ≤ i < j. Let (ρ0, Vρ0) be an irreducible (Hj)xj ,0/(Hj)xj ,0+-
subrepresentation of V ′j viewed as a representation of (Hj)xj ,0/(Hj)xj ,0+. Then (xj, (Xi)1≤i≤j−1,
(ρ0, Vρ0)) is a datum contained in (π, Vπ).
Remark 6.2. In the next section we will use the existence of a datum for a given repre-
sentation (π, V ) to deduce the existence of a type for (π, V ). Note however that a datum
itself might not determine the Bernstein component, i.e. a given datum might be a datum
for representations in different Bernstein components. If one is interested in determining the
Bernstein component uniquely, one has to enhance the datum slightly (to a representation of
(Mn+1)x, whereMn+1 is a Levi subgroup of Gn+1 that we are going to attached to x and Gn+1
in Section 7, page 25). Such an enhancement determines the Bernstein component uniquely
by [KY17, 10.3 Theorem], which is based on the work of Hakim–Murnaghan [HM08] for
supercuspidal representations. The assumption required in Hakim–Murnaghan was removed
by Kaletha in [Kal17, Corollary 3.5.5].
7 From a datum to types
Let (π, V ) be a smooth irreducible representation of G(k), and let (x, (Xi)1≤i≤n, (ρ0, Vρ0))
be a datum for (π, V ), which exists by Theorem 6.1. In this section we show how to use
this datum in order to exhibit a type contained in (π, V ). In order to do so we will define
characters φi : Gi+1(k) → C of depth ri for 1 ≤ i ≤ n and a depth-zero representation of
a compact open subgroup KGn+1 of Gn+1(k) that contains (Gn+1)x,0. We will prove that
these objects satisfy all necessary conditions imposed by Kim and Yu ([KY17]) so that Yu’s
construction ([Yu01]) yields a type. In Theorem 7.12 we will conclude that the resulting
type is contained in (π, V ).
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Recall that Moy and Prasad ([MP96, 6.3 and 6.4]) attach to x and Gn+1 a Levi subgroup
Mn+1 of Gn+1 such that x ∈ B(Mn+1, k) ⊂ B(Gn+1, k) and (Mn+1)x,0 is a maximal parahoric
subgroup of Mn+1(k) with (Mn+1)x,0/(Mn+1)x,0+ ≃ (Gn+1)x,0/(Gn+1)x,0+. We denote by
(Mn+1)x the stabilizer of x ∈ B(Mn+1, k) in Mn+1(k). Then we define following Kim and Yu
([KY17, 7.1 and 7.3]) the group KGn+1 to be the group generated by (Mn+1)x and (Gn+1)x,0.
Let V ′ be a subspace of V as provided by Definition 4.3 for the datum (x, (Xi)1≤i≤n, (ρ0, Vρ0))
contained in (π, V ), and let V˜ be the irreducible KGn+1-subrepresentation of V containing
V ′. Note that any g ∈ KGn+1 ⊂ (Gn+1)x centralizes Xi for 1 ≤ i ≤ n and hence stabilizes
(Hi)x,ri+ (1 ≤ i ≤ n+ 1). Thus V˜ is contained in V
∪1≤i≤n+1((Hi)x,ri+).
Moreover, let T be a maximal torus of Mn+1 ⊂ Gn+1 whose apartment contains x. Then,
for t ∈ T (k)0+ and g ∈ KGn+1 , we have tgt
−1g−1 ∈ (Hn+1)x,0+. Hence, if v ∈ V˜ is an element
such that T (k)0+ preserves C·v, then T (k)0+ also preserves C·gv and acts on both spaces via
the same character. Since V˜ is an irreducible KGn+1-representation, we deduce that T (k)0+
acts on V˜ via some character φT (times identity).
Before using φT to define the characters φi, we recall Lemma 3.1.1 of [Kal17].
Lemma 7.1 ([Kal17]). If r ∈ R>0 and 1 → A → B → C → 1 is an exact sequence of tori
that are defined over k and split over a tamely ramified extension of k, then
1→ A(k)r → B(k)r → C(k)r → 1
is an exact sequence.
Corollary 7.2. Let r ∈ R>0 and 1 ≤ j ≤ n + 1. Then (Gj)x,r is generated by T (k)r and
(Hj)x,r.
Proof.
Note that T ∩Hn+1 is a maximal torus of Hn+1 ([Con14, Example 2.2.6]). Then by Lemma
7.1 the map T (k)r → (T/T ∩ Hn+1)(k)r = (Gn+1/Hn+1)(k)r is surjective, and hence T (k)r
also surjects onto Gn+1(k)x,r/Hn+1(k)x,r ⊂ (Gn+1/Hn+1)(k)r. (That Gn+1(k)x,r maps to
(Gn+1/Hn+1)(k)r can be seen by considering a tame extension over which T splits.)
Now we define φi recursively, first for i = n, then i = n − 1, n − 2, . . . , 1. Suppose we have
already defined φn, . . . , φj+1 of depth rn, . . . , rj+1 for some 1 ≤ j ≤ n (j = n meaning no
character has been defined yet) such that
π|T (k)∩(Hj+1)x,0+ = φn|T (k)∩(Hj+1)x,0+ · . . . · φj+1|T (k)∩(Hj+1)x,0+ · IdV˜ on V˜ .
Then we let φ′j = φT · φn|
−1
T (k)0+
· . . . φj+1|
−1
T (k)0+
, which is trivial on T (k) ∩ (Hj+1)x,0+ =
(T ∩ Hj+1)(k)0+ and on T (k) ∩ (Hj)x,rj+ = (T ∩ Hj)(k)rj+. By Lemma 7.1 we have
(Gj+1/Hj+1)(k)0+ ≃ T/(T ∩ Hj+1)(k)0+ ≃ T (k)0+/(T ∩ Hj+1)(k)0+. Hence φ
′
j defines a
character of (Gj+1/Hj+1)(k)0+ that extends via Pontryagin duality to some character φ˜
′
j of
(Gj+1/Hj+1)(k). Restricting φ˜
′
j to the image of Gj+1(k), we obtain a character of Gj+1(k)
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that we also denote by φ˜′j. Note that φ˜
′
j is trivial on Hj+1(k) and φ˜
′
j|T (k)0+ coincides with
φ′j. Similarly, the character φ
′
j gives rise to a character φˆ
′
j of (Gj/Hj)(k)rj+ that can be
extended and composed to yield a character (also denoted by φˆ′j) of Gj(k) that is trivial
on Hj(k) and coincides with φ˜
′
j on T (k)rj+. If j = 1, we may and do choose φˆ
′
j to be
the trivial character. We define φj = φ˜
′
j · (φˆ
′
j)
−1|Gj+1(k). Then φj has depth rj (because
by considering a tame extension that splits the torus T , we see that Gj+1(k)x,rj+ maps to
(Gj+1/Hj+1)(k)rj+ ≃ T (k)rj+/(T ∩Hj+1)(k)rj+; or use Corollary 7.2) and
π|T (k)∩(Hj)x,0+ = φn|T (k)∩(Hj)x,0+ · . . . · φj|T (k)∩(Hj)x,0+ · IdV˜ on V˜ .
Lemma 7.3. For 1 ≤ j ≤ n the character φj : Gj+1(k) → C
∗ satisfies the following
properties:
(i) φj is trivial on (Gj+1)x,rj+ and on Hj+1(k),
(ii) φj|(Hj)x,rj∩Gj+1(k) factors through
((Hj)x,rj ∩Gj+1(k))/((Hj)x,rj+ ∩Gj+1(k)) ≃ ((hj)x,rj ∩ gj+1)/((hj)x,rj+ ∩ gj+1)
and is given by ϕ ◦Xj|(hj)x,rj∩gj+1,
(iii) φj is Gj-generic of depth rj (in the sense of [Yu01, § 9]) relative to x, and
(iv) the group (Gn+1)x,0+ acts on V˜ via
∏
1≤i≤n φi|(Gn+1)x,0+ .
Proof.
Part (i) follows immediately from the above construction.
For Part (ii), note that using Corollary 7.2 we see that (Hj)x,rj∩Gj+1(k) = Hj(k)∩(Gj+1)x,rj
is generated by T (k)rj ∩Hj(k) and (Hj+1)x,rj . Since φj is trivial on Hj+1(k) and coincides
with φT on T (k)rj ∩Hj(k), the claim follows from the properties of V
′ in Definition 4.3.
For Part (iii), note that by Part (ii) there exists Y ∈ (gj+1)
∗
x,−rj
such that Y is trivial on
hj and φj|(Gj+1)x,rj is given by the character of (Gj+1)x,rj/(Gj+1)x,rj+ ≃ (gj+1)x,rj/(gj+1)x,rj+
arising from ϕ◦(Y +Xj). Since Y is trivial on hj , the element Y is fixed under the dual of the
adjoint action of Gj+1 on gj+1. Hence by the definition of Gj+1, the group Gj+1 centralizes
Y +Xj. Moreover, if T is a maximal torus of Gj+1, and α ∈ Φ(Gj , Tk)− Φ(Gj+1, Tk), then
Hα ∈ (hj)k and hence
val((Y +Xj)(Hα)) = val(Xj(Hα)) = −rj ,
where the last equality follows from Lemma 3.6. Since p is not a torsion prime for the dual
root datum of Gj by Lemma 2.2(a), (d) and (e) (applied to the dual root datum of Gj), the
character φj is Gj-generic of depth rj by [Yu01, Lemma 8.1].
Part (iv) follows from the observation above that φ1|T (k)0+ = φT · φn|
−1
T (k)0+
· . . . φ2|
−1
T (k)0+
and
that (Hn+1)x,0+ acts trivially on V˜ together with Corollary 7.2.
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Corollary 7.4. The irreducible representation (
∏
1≤i≤n φ
−1
i |KGn+1 · π|KGn+1 , V˜ ) of KGn+1 is
trivial on (Gn+1)x,0+ and its restriction to (Hn+1)x,0 contains (ρ0, Vρ0) as an irreducible sub-
representation.
Proof.
This is an immediate consequence of Lemma 7.3 (i) and (iv) and the definition of V˜ .
Recall our convention that by “type” we mean an s-type for some inertial equivalence class
s ∈ I. In order to obtain a type for our representation (π, V ) of G(k) using the construction
of Kim and Yu in [KY17] we denote by rπ the depth of the representation (π, V ), i.e. rπ = r1
if n ≥ 1 and rπ = 0 if n = 0, and we make the following definitions:
~G =
{
(Gn+1, Gn, . . . , G2, G1 = G) if G2 6= G1 or n = 0
(Gn+1, Gn, . . . , G3, G2 = G) if G2 = G1
~r =
{
(rn, rn−1, . . . , r2, r1, rπ) if G2 6= G1 or n = 0
(rn, rn−1, . . . , r2, r1) if G2 = G1
~φ =
{
(φn, φn−1, . . . , φ2, φ1, 1) if G2 6= G1 or n = 0
(φn, φn−1, . . . , φ2, φ1) if G2 = G1
K = KGn+1(Gn)x, rn2 . . . (G1)x,
r1
2
K0+ = (Gn+1)x,0+(Gn)x, rn
2
. . . (G1)x, r1
2
K+ = (Gn+1)x,0+(Gn)x, rn
2
+ . . . (G1)x, r1
2
+
KH0+ = (Hn+1)x,0+(Hn)x, rn2 . . . (H1)x,
r1
2
KH+ = (Hn+1)x,0+(Hn)x, rn2 + . . . (H1)x,
r1
2
+
Lemma 7.5. We have the following identities:
K+ = (Gn+1)x,0+(Hn)x, rn
2
+ . . . (H1)x, r1
2
+ = (Gn+1)x,0+K
H
+
K0+ = (Gn+1)x,0+(Hn)x, rn
2
. . . (H1)x, r1
2
= (Gn+1)x,0+K
H
0+
KH0+ = (Hn+1)x,0+(Hn)x,rn, rn2 . . . (H1)x,r1,
r1
2
KH+ = (Hn+1)x,0+(Hn)x,rn, rn2 + . . . (H1)x,r1,
r1
2
+ .
Proof.
The first two lines follow from Corollary 7.2. It is clear that
KH0+ ⊃ (Hn+1)x,0+(Hn)x,rn, rn2 . . . (H1)x,r1,
r1
2
.
In order to prove the fourth identity, it remains to show that
(Hi)x, ri
2
+ ⊂ (Hn+1)x,0+(Hn)x,rn, rn2 + . . . (H1)x,r1,
r1
2
+
for all n + 1 ≥ i ≥ 1 (where rn+1 = 0). We show this by induction. For i = n + 1 the
statement is obvious, so assume n ≥ i ≥ 1 and that the statement holds for i + 1. Then
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(Hi+1)x, ri
2
+ ⊂ (Hi+1)x, ri+1
2
+ ⊂ (Hn+1)x,0+(Hn)x,rn, rn2 + . . . (H1)x,r1,
r1
2
+, and it suffices to prove
that (Hi)x, ri
2
+ = (Hi)x,ri, ri2 +
(Hi+1)x, ri
2
+, or, equivalently,
(hi)x, ri
2
+/(hi)x,ri = ((hi)x,ri, ri2 +
+ (hi+1)x, ri
2
+)/(hi)x,ri.
This follows by taking Gal(E/k)-invariants of the following equality (of abelian groups with
Gal(E/k)-action)
(hi(E))x, ri
2
+/(hi(E))x,ri = (hi(E))x,ri, ri2 +
/(hi(E))x,ri ⊕ (hi+1(E))x, ri
2
+/(hi+1(E))x,ri,
where E is a tamely ramified extension of k over which Gi+1 and Gi split. The third identity
is proved analogously.
Let ρYu be an irreducible representation of KGn+1 such that ρYu|(Gn+1)x,0 factors through
(Gn+1)x,0/(Gn+1)x,0+ and contains a cuspidal representation of (Gn+1)x,0/(Gn+1)x,0+ . By
Lemma 7.3(iii) and [KY17, 7.3 Remark] the tuple ( ~G, x,~r, ρYu, ~φ) satisfies the conditions in
[KY17, 7.2.]1 from which we can carry out Yu’s construction2 ([Yu01, §4]) as explained in
[KY17, 7.4] to obtain a representation ofK that we denote by (πK , VπK). By [KY17, 7.5. The-
orem (and 7.4.)] the pair (K, πK) is a type. Moreover, πK is of the form ρYu⊗κ~φ, where ρYu
also denotes the extension of ρYu from KGn+1 to K that is trivial on (Gn)x, rn2 . . . (G1)x,
r1
2
,
and (κ~φ, Vκ) is a representation of K that depends only on (
~G,~r, ~φ), i.e. not on the choice
of ρYu ([Yu01][§4] or [Kim07, 12.4]). In particular, (πK |K+, VπK) does not depend on ρYu.
We denote by φˆi (1 ≤ i ≤ n) the character of KGn+1(Gi+1)x,0G(k)x, ri
2
+ defined in [Yu01, § 4],
i.e. the unique character of KGn+1(Gi+1)x,0G(k)x, ri
2
+ satisfying
• φˆi|KGn+1(Gi+1)x,0 = φi|KGn+1(Gi+1)x,0 , and
• φˆi|G(k)
x,
ri
2 +
factors through
Gx, ri
2
+/Gx,ri+ ≃ gx, ri
2
+/gx,ri+ = (gi+1 ⊕ r
′′)x, ri
2
+/(gi+1 ⊕ r
′′)x,ri+
→ (gi+1)x, ri
2
+/(gi+1)x,ri+ ≃ (Gi+1)x, ri
2
+/(Gi+1)x,ri+,
on which it is induced by φi. Here r
′′ is as defined in Lemma 5.1, i.e. r′′ = g ∩⊕
α∈Φ(G,TE)−Φ(Gi+1,TE)
(gE)α for some maximal torus T of Gi+1 that splits over a tame
extension E of k, and the map gi+1 ⊕ r
′′ → gi+1 sends r
′′ to zero.
Then Yu proves in [Yu01, Proposition 11.4] that if p 6= 2, then (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
is a Heisenberg p-group with center (Gi)x,ri, ri2 +
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
. Let (ωi, Vωi) denote
1Ju-Lee Kim confirmed that ”relative to x for all x ∈ B(G′)” in Condition D5 in [KY17, 7.2.] should be
“relative to y” (using the notation of [KY17]).
2Yu assumes that p is odd. Our condition p ∤ |W | implies that p is odd unless G is a torus, but Yu’s
construction works for tori even if p = 2 (but is rather trivial in that case).
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the Heisenberg representation of this Heisenberg p-group with central character φˆi|(Gi)x,ri, ri2 +
.
Then we observe from the construction of (κ~φ, Vκ) and [Yu01, Theorem 11.5] that (κ~φ|K0+ , Vκ)
is irreducible and that the underlying vector space Vκ is
⊗n
i=1 Vωi. If n = 0, then the empty
tensor product is meant to be a one dimensional vector space. In that case (κ~φ|K0+ , Vκ) is the
trivial one dimensional representation. If p = 2, then G is a torus and (κ~φ|K0+, Vκ) is a one
dimensional representation and we take Vωi = C. (This is the space underlying a Heisenberg
representation whose symplectic vector space is of dimension zero, which aligns with the ob-
servation that (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
= (Gi)x,ri, ri2 +
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
for
p = 2.) The restriction of (κ~φ, Vκ) to (Gi)x,ri, ri2
for 1 ≤ i ≤ n is given by letting (Gi)x,ri, ri2
act via the Heisenberg representation ωi of (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
with central
character φˆi|(Gi)x,ri, ri2 +
on Vωi and via φˆj |(Gi)x,ri, ri2
on Vωj for j 6= i.
Lemma 7.6. There exists an irreducible K+-subrepresentation of (π|K+, V˜ ) that is isomor-
phic to any one dimensional K+-subrepresentation of (πK |K+, VπK).
Proof.
By [Yu01, Proposition 4.4], the representation (πK |K+, VπK) is θ :=
∏
1≤i≤n φˆi|K+-isotypic.
Let (π|K+, V
′′) be an irreducible K+-subrepresentation of (π|K+, V
′) ⊂ (π|K+, V˜ ). By Lemma
7.3(iv), the group (Gn+1)x,0+ acts on V
′′ via θ. Moreover, by Lemma 7.3(i) and (ii) the restric-
tion θ|(Hi)x,ri, ri2 +
for 1 ≤ i ≤ n factors through (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+,
where it is given by ϕ ◦Xi (by the last line of Lemma 3.6). Hence the group (Hi)x,ri, ri2 +
acts
on V ′′ via θ for 1 ≤ i ≤ n. Since (Gn+1)x,0+ together with (Hi)x,ri, ri2 +
, 1 ≤ i ≤ n, generate
K+ by Lemma 7.5, we are done.
We denote by NH the kernel in KH+ of θ|KH+ =
∏
1≤i≤n φˆi|KH+ .
Lemma 7.7. If n > 0 and p > 2, then KH0+/N
H is a Heisenberg p-group with center KH+ /N
H .
If n = 0 or p = 2, then KH0+/N
H = KH+ /N
H .
Proof.
Note that [KH0+, K
H
0+] ⊂ K
H
+ and [K
H
0+, K
H
+ ] ⊂ (Hn+1)x,0+(Hn)x,rn+, rn2 + . . . (H1)x,r1+,
r1
2
+ ⊂
NH . Thus the center ofKH0+/N
H containsKH+ /N
H and we have a pairing (a, b) = θ(aba−1b−1)
on KH0+/K
H
+ ×K
H
0+/K
H
+ . Note that
KH0+/K
H
+ ≃ (H1)x,r1, r12 /(H1)x,r1,
r1
2
+ ⊕ . . .⊕ (Hn)x,rn, rn2 /(Hn)x,rn,
rn
2
+
and it is easy to check (as done in the proof of [Kim07, Proposition 18.1]) that (·, ·) is the
sum of the pairings (·, ·)i on (Hi)x,ri, ri2
/(Hi)x,ri, ri2 +
defined by (a, b)i = φˆi(aba
1−b−1). By
[Yu01, Lemma 11.1], the pairing (·, ·)i is non-degenerate 1 ≤ i ≤ n, and hence the pairing
(·, ·) is non-degenerate. Thus the center of KH0+/N
H is contained in KH+ /N
H , and therefore
equals KH+ /N
H . Moreover, the image of θ|KH+ is {c ∈ C | c
p = 1}, which implies that KH+ /N
H
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has order p. The remainder of the proof works completely analogous to Yu’s proof ([Yu01,
Proposition 11.4]) that the group (Hi)x,ri, ri2
/
(
(Hi)x,ri, ri2 +
∩ ker(φˆi)
)
is a Heisenberg p-group
with center (Hi)x,ri, ri2 +
/
(
(Hi)x,ri, ri2 +
∩ ker(φˆi)
)
for 1 ≤ i ≤ n. We outline the proof as a
convenience for the reader and refer to [Yu01, Proposition 11.4] for details: We first prove the
statement over a tame extension E over which Gn+1 is split, and denote by K
H
0+(E), K
H
0 (E)
and N(E) the corresponding groups constructed over E. By [Yu01, Lemma 10.1] and the
above observations (over E), it suffices to exhibit subgroups W1 and W2 of K
H
0+(E)/N
H(E)
that have trivial intersection with the center and whose image in KH0+(E)/K
H
0 (E) form a
complete polarization. This can be achieved by using positive and negative root groups,
respectively. To conclude that KH0+/N
H is a Heisenberg p-group, we then embed KH0+/N
H
into KH0+(E)/N
H(E), observe that by above its image KH0+/K
H
0 in K
H
0+(E)/K
H
0 (E) is a
non-degenerate subspace, and apply [Yu01, Lemma 10.3].
The second half of the lemma follows immediately from the definition of KH0+ and K
H
+ and
the observation that if p = 2, then G is a torus.
Let (π|K , V̂ ) be the irreducible K-subrepresentation of (π, V ) that contains V˜ .
Lemma 7.8. There exists an irreducible representation (ρ, Vρ) of K that is trivial on K0+
such that (ρ⊗ κ~φ, Vρ ⊗ Vκ) ≃ (π|K , V̂ ).
Proof.
Since K0+ = Gx,0+K
H
0+ (Lemma 7.5) and Gx,0+ ⊂ K+ acts on VπK via θ|Gx,0+ (times iden-
tity) by [Yu01, Proposition 4.4], we deduce from the irreducibility of (κ~φ|K0+ , Vκ) mentioned
above that also its restriction (κ~φ|KH0+ , Vκ) to K
H
0+ is irreducible. Recall that (κ~φ|KH0+ , Vκ)
factors through KH0+/N
H and KH+ acts via the character θ|KH+ (times identity). By Lemma
7.7 and the theory of Heisenberg representations there exists a unique irreducible represen-
tation of KH0+ factoring through K
H
0+/N
H and having KH+ /N
H act via the character θ|KH+
(times identity). On the other hand, Lemma 7.6 and the observation that [KH0+, K+] ⊂ N
H
imply that (π|KH0+ , V̂ ) contains an irreducible K
H
0+-subrepresentation on which K+ acts via
the character θ|K+ (times identity), and which therefore is isomorphic to (κ~φ|KH0+, Vκ) as a
KH0+-representation. Moreover, since K0+ = K+K
H
0+, we deduce from the K+-action that
(π|K0+, V̂ ) contains an irreducible K0+-subrepresentation isomorphic to (κ~φ|K0+ , Vκ). Hence,
by [Kim07, Proposition 18.5] (or rather the analogous statement in our setting that is proved
in the same way), the irreducible representation (π|K , V̂ ) of K that extends (κ~φ|K0+, Vκ) is
of the form (ρ ⊗ κ~φ, Vρ ⊗ Vκ) for some irreducible representation (ρ, Vρ) of K that is trivial
on K0+.
Corollary 7.9. The subspace V̂ is contained in V ∪1≤i≤n+1((Hi)x,ri+) and the action of the
group (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+ on V̂ via π is given by the character ϕ◦Xi
for 1 ≤ i ≤ n.
Proof.
Let 1 ≤ i ≤ n. We have (Hi)x,ri, ri2 +
⊂ K+ and (Hn+1)x,0+ ⊂ K+ and by Lemma 7.8 the
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representation (π|K+, V̂ ) is θ-isotypic. As we saw in the proof of Lemma 7.6, the character
θ|(Hi)x,ri, ri2 +
factors through (Hi)x,ri, ri2 +
/(Hi)x,ri+ ≃ (hi)x,ri, ri2 +
/(hi)x,ri+, on which it is given
by ϕ ◦Xi, and θ|(Hn+1)x,0+ is trivial by Lemma 7.3(i).
Lemma 7.10. The irreducible components of the representation (ρ|(Gn+1)x,0 , Vρ) provided by
Lemma 7.8 are cuspidal representations of (Gn+1)x,0/(Gn+1)x,0+.
Remark 7.11. Readers familiar with Kim’s work may expect that we could mainly cite
[Kim07] for the proof of Lemma 7.10. However, contrary to the claim in [Kim07, Propo-
sition 17.2.(2)], the representation ρ|(Gn+1)x,0 ⊗ κ~φ|(Gn+1)x,0 ⊗
∏
1≤i≤n φ
−1
i |(Gn+1)x,0 might not
necessarily be cuspidal when viewed as a representation of (Gn+1)x,0/(Gn+1)x,0+. Since the
proof of the above mentioned proposition in [Kim07] is not correct, we provide a different
and independent proof of Lemma 7.10.
Proof of Lemma 7.10 If G is a torus, then the claim is obvious. Hence we assume
p 6= 2 for the remainder of the proof. Suppose (ρ′, Vρ′) is an irreducible subrepresentation
of (ρ|(Gn+1)x,0 , Vρ) that is not cuspidal (viewed as a representation of (Gn+1)x,0/(Gn+1)x,0+).
Then there exists (the f-points of) a unipotent radical Uf of a (proper) parabolic subgroup
of the reductive group (with f-points) (Gn+1)x,0/(Gn+1)x,0+ = (Gn+1)x(f) such that ρ
′|Uf
contains the trivial representation of Uf. Denote by V
′′
ρ′ a subspace of Vρ′ on which Uf acts
trivially. By [CGP15, Corollary 2.2.5 and Proposition 2.2.9] there exists a one parameter
subgroup λ : Gm → (Gn+1)x such that Uf = {g ∈ (Gn+1)x(f) | limt→0 λ(t).g = 1 }. Let
λ : Gm → Gn+1 denote a lift of λ that factors through a maximally split maximal torus T of
Gn+1 whose apartment A (T ) contains x (see the proof of Lemma 6.1.2 for more details about
such a lift). Let κ′ = κ~φ|(Gn+1)x,0 ⊗
∏
1≤i≤n φ
−1
i |(Gn+1)x,0 , which is trivial on (Gn+1)x,0+ (by ei-
ther combining Corollary 7.4 with Lemma 7.6 or by using the proof of Lemma 7.6) and there-
fore can also be regarded as a representation of (Gn+1)x,0/(Gn+1)x,0+ and hence of Uf. Re-
call that (ωi, Vωi) denotes the Heisenberg representation of (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
with central character (the restriction of) φˆi, and that the vector space Vκ underlying the
representation of κ′ is
⊗n
i=1 Vωi . By the construction of Yu ([Yu01][§4, p. 592 and Theo-
rem 11.5]), the representation κ′ is defined by letting (Gn+1)x,0/(Gn+1)x,0+ act on each of the
tensor product factors Vωi in
⊗n
i=1 Vωi by mapping (Gn+1)x,0/(Gn+1)x,0+ to the symplectic
group Sp(Vi) of the corresponding symplectic space Vi := (Gi)x,ri, ri2
/(Gi)x,ri, ri2 +
with pair-
ing defined by (a, b)i = φˆi(aba
1−b−1) and composing with a Weil representation. The map
from (Gn+1)x,0/(Gn+1)x,0+ to Sp(Vi) is induced by the conjugation action of (Gn+1)x,0 on
(Gi)x,ri, ri2
.
Let E be a tamely ramified extension of k over which T splits, and define for 1 ≤ i ≤ n the
space V +i to be the image of G(k)∩
〈
Uα(E)x, ri
2
|α ∈ Φ(Gi, T )− Φ(Gi+1, T ), λ(α) > 0
〉
in Vi,
the space V 0i to be the image of G(k) ∩
〈
Uα(E)x, ri
2
|α ∈ Φ(Gi, T )− Φ(Gi+1, T ), λ(α) = 0
〉
in Vi, and V
−
i to be the image of G(k) ∩
〈
Uα(E)x, ri
2
|α ∈ Φ(Gi, T )− Φ(Gi+1, T ), λ(α) < 0
〉
in Vi. Then Vi = V
+
i ⊕ V
0
i ⊕ V
−
i , the subspaces V
+
i and V
−
i are both totally isotropic, the
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orthogonal complement of V +i is V
+
i ⊕ V
0
i , and V
0
i is a non-degenerate subspace of Vi. Let
Pi ⊂ Sp(Vi) be the (maximal) parabolic subgroup of Sp(Vi) that preserves the subspace V
+
i .
Note that the image of Uf in Sp(Vi) is contained in Pi. Let Ui,f be the image of
Ui := G(k) ∩
〈
Uα(E)x, ri
2
|α ∈ Φ(Gi, T )− Φ(Gi+1, T ), λ(α) > 0
〉
in the Heisenberg group (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
. Then by Yu’s construction of
the special isomorphism
ji : (Gi)x,ri, ri2
/
(
(Gi)x,ri, ri2 +
∩ ker(φˆi)
)
→ V ♯i
in [Yu01, Proposition 11.4], where V ♯i is the group Vi ⋉ Fp with group law (v, a).(v
′, a′) =
(v + v′, a + a′ + 1
2
(v, v′)i), and since λ(Gm) ⊂ T , we have ji(Ui,f) = V
+
i ⋉ 0. By [Ge´r77,
Theorem 2.4.(b)]3 the restriction of the Weil–Heisenberg representation Vωi (via j
−1
i ) to
Pi⋉Ui,f contains a subrepresentation V
′
ωi
on which Ui,f acts trivially and on which the action
of Pi is as follows: By [Ge´r77, Lemma 2.3.(c)] there exists surjections p
1
i : Pi ։ GL(V
+
i ) and
p2i : Pi ։ Sp(V
0
i ). Then the action of Pi on V
′
ωi
is the tensor product of p1i composed with a
(quadratic) character χ of GL(V +i ) and p
2
i composed with a Weil representation of Sp(V
0
i ).
Note that the image of Uf in GL(V
+
i ) (by composing Uf → Pi with p
1
i : Pi ։ GL(V
+
i )) is
unipotent and hence contained in the commutator subgroup group GL(V +i ). Thus χ ◦ p
1
i
is trivial on the image of Uf. Moreover, the image of Uf in Sp(V
0
i ) (by composing Uf → Pi
with the surjection p2i : Pi ։ Sp(V
0
i )) is contained in a minimal parabolic subgroup of
Sp(V 0i ) ([BT71, 3.7. Corollaire]) and hence also in a parabolic subgroup P
0
i of Sp(V
0
i ) that
fixes a maximal totally isotropic subspace of V 0i . By [Ge´r77, Theorem 2.4.(b)] the Weil
representation V ′ωi restricted to P
0
i contains a one dimensional subrepresentation V
′′
ωi
on
which the action of P 0i factors through a character of P
0
i /U(P
0
i ) where U(P
0
i ) denotes the
unipotent radical of P 0i . Since the image of Uf is unipotent and hence its image in P
0
i /U(P
0
i )
(which is isomorphic to a general linear group) is contained in the commutator subgroup of
P 0i /U(P
0
i ), the group Uf acts trivially on V
′′
ωi
.
Let V ′′κ denote the subspace ⊗1≤i≤nV
′′
ωi
of ⊗1≤i≤nVωi = Vκ. Let U
H
n+1 be the preimage of
Uf in (Hn+1)x,0 under the surjection (Hn+1)x,0 ։ (Hn+1)x,0/(Hn+1)x,0+. Since φi is trivial
on Hn+1(k) for all 1 ≤ i ≤ n (Lemma 7.3(i)), the action of the group U
H
n+1 via ρ ⊗ κ~φ on
the subspace V ′′ρ′ ⊗ V
′′
κ of Vρ ⊗ Vκ is the trivial action. Moreover, recall that the restriction
of (κ~φ, Vκ) to (Gi)x,ri, ri2
for 1 ≤ i ≤ n is given by letting (Gi)x,ri, ri2
act via the Heisenberg
representation ωi on Vωi and via φˆj|(Gi)x,ri, ri2
on Vωj for j 6= i. By Lemma 7.3(i) and the
definition of φˆj, the character φˆj is trivial on (Hi)x,ri, ri2
for j 6= i. Hence Ui (which is
contained in (Hi)x,ri, ri2
) acts trivially via ρ⊗ κ~φ on V
′′
ρ′ ⊗ V
′′
κ .
3As Loren Spice pointed out, the statement of [Ge´r77, Theorem 2.4.(b)] contains a typo. From the proof
provided by [Ge´r77] one can deduce that the stated representation of P (E+, j)H(E
⊥
+ , j) (i.e. the pull-back
to P (E+, j)H(E
⊥
+ , j) of a representation of SH(E0, j0) as in part (a’)) should be tensored with χ
E+ ⋉ 1
before inducing it to P (E+, j)H(E, j) in order to define pi+ (using the notation of [Ge´r77]).
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If ǫ > 0 is sufficiently small, then we have
(Hn+1)x+ǫλ,0+ ⊂
〈
(Hn+1)x,0+, U
H
n+1
〉
and (Hi)x+ǫλ,ri, ri2 +
⊂
〈
(Hi)x,ri, ri2 +
, Ui
〉
for 1 ≤ i ≤ n, where x + ǫλ arises from the action of ǫλ on x ∈ A (T ). Since ρ ⊗ κ~φ is
by the definition of ρ isomorphic to a K-subrepresentation of (π|K , V ), we obtain a non-
trivial subspace V ′′ of V on which (Hi)x+ǫλ,ri, ri2 +
/(Hi)x+ǫλ,ri+ ≃ (hi)x+ǫλ,ri, ri2 +
/(hi)x+ǫλ,ri+
acts via ϕ ◦Xi for 1 ≤ i ≤ n and that is fixed by (Hn+1)x+ǫλ,0+. Since x + ǫλ ∈ A (T ), the
tuple (x + ǫλ, (Xi)1≤i≤n) is a truncated datum (by Lemma 3.6 and Corollary 3.8), and by
the same arguments as in Case 2 of the proof of Theorem 6.1, we can extend it to a datum
(x+ǫλ, (Xi)1≤i≤n, (ρ
′
0, V
′
ρ0
)) contained in (π, V ). However, since Uf was non-trivial (and ǫ > 0
sufficiently small), the dimension of the facet of B(Gn+1, k) that contains x + ǫλ is larger
than the dimension of the facet of B(Gn+1, k) that contains x. This is a contradiction to
the choice of (x, (Xi)1≤i≤n, (ρ0, Vρ0)), i.e. to the assumption that (x, (Xi)1≤i≤n, (ρ0, Vρ0)) is a
datum for (π, V ) (as in Definition 4.4).
Now we have all ingredients to prove the following
Theorem 7.12. Let (π, V ) be a smooth irreducible representation of G(k). Then (π, V )
contains one of the types constructed by Kim–Yu in [KY17].
Proof.
By Theorem 6.1, the representation (π, V ) contains a datum. This allows us to perform
the constructions above (page 27 and Lemma 7.8) to obtain a tuple ( ~G, x,~r, ρ|KGn+1 ,
~φ). By
Lemma 7.3(iii) and Lemma 7.10 this tuple satisfies all requirements for the construction
of an associated type (K, πK) by Kim–Yu ([KY17]). By Lemma 7.8, the representation
(πK , VπK) = (ρ⊗ κ~φ, Vρ ⊗ Vκ) is contained in (π, V ).
Remark 7.13. Theorem 7.12 has been derived by Kim and Yu ([KY17, 9.1 Theorem])
from the result about exhaustion of Yu’s supercuspidal representations by Kim ([Kim07])
under much more restrictive assumptions than our Assumption 2.1. First of all they require
the local field k to have characteristic zero, and secondly their assumption on the residual
characteristic p is much stronger than ours, i.e. far from optimal, see [Kim07, § 3.4].
8 Exhaustion of supercuspidal representations
Recall that we assume throughout the paper that G splits over a tame extension and p ∤ |W |.
Under these assumptions, we obtain the following corollary of Section 7.
Theorem 8.1. Every smooth irreducible supercuspidal representation of G(k) arises from
the construction of Yu ([Yu01]).
Proof.
Let (π, V ) be a smooth irreducible supercuspidal representation of G(k). By Section 7, in
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particular Theorem 7.12, we can associate to (π, V ) a tuple ( ~G, x,~r, ρ|KGn+1 ,
~φ) such that
(π, V ) contains the type (K, πK) associated to it by Kim–Yu following Yu’s construction.
Let Mn+1 be the Levi subgroup of Gn+1 attached to x and Gn+1 as in Section 7, page 25.
Following Kim–Yu, we let ZS(Mn+1) denote a maximal split torus of the center Z(Mn+1)
of Mn+1, and we define the Levi subgroup M of G to be the centralizer CentG(ZS(Mn+1))
of ZS(Mn+1) in G. Kim and Yu ([KY17, 7.5 Theorem]) show that the type (K, πK) is
a cover a type for the group M . Hence, since (π, V ) is supercuspidal, we have M = G.
This implies that ZS(Mn+1) is contained in the center of G. Hence Z(Gn+1)/Z(G) is
anisotropic, where Z(Gn+1) and Z(G) denote the centers of Gn+1 and G, respectively, and
Mn+1 = Gn+1. Instead of working with KGn+1 = (Gn+1)x in Section 7, we could have
equally well performed all constructions for the stabilizer (Gn+1)[x] of the image [x] of x
in the reduced Bruhat–Tits building of Gn+1 (by replacing (Mn+1)x by (Mn+1)[x] every-
where) to obtain a representation (ρ˜, Vρ˜) of K˜ = (Gn+1)[x](Gn)x, rn
2
. . . (G1)x, r1
2
such that
the representation (π
K˜
, Vπ
K˜
) of K˜ associated to ( ~G, x,~r, ρ˜|(Gn+1)[x],
~φ) by Yu is contained in
(π|K˜ , V ). Since Mn+1 = CentGn+1(ZS(Mn+1)) = Gn+1, the compactly induced representa-
tion ind
G(k)
(Gn+1)[x]
ρ˜|(Gn+1)[x] is irreducible supercuspidal (by [MP96, Proposition 6.6]). Hence
( ~G, x,~r, ρ˜|(Gn+1)[x] ,
~φ) satisfies all the conditions that Yu requires for his construction of su-
percuspidal representations ([Yu01, § 3]), and ind
G(k)
K˜
π
K˜
is the corresponding irreducible
supercuspidal representations ([Yu01, Proposition 4.6]). By Frobenius reciprocity, we ob-
tain a non-trivial morphism from (ind
G(k)
K˜
πK˜ , ind
G(k)
K˜
Vπ
K˜
) to (π, V ), and hence these two
irreducible representations are isomorphic.
Remark 8.2. The exhaustion of supercuspidal representations by Yu’s construction has
been known under the assumption that k has characteristic zero and p is a sufficiently large
prime number thanks to Kim ([Kim07]). We refer the reader to [Kim07, § 3.4] for the precise
conditions for p being “sufficiently large”. These assumptions are much stronger than p ∤ |W |.
The proof of Theorem 8.1 also shows how to recognize if a representation is supercuspidal
by only considering a datum for this representation.
Corollary 8.3. Let (π, V ) be a smooth irreducible representation of G(k), and let (x, (Xi)1≤i≤n,
(ρ0, Vρ0)) be a datum for (π, V ). Then (π, V ) is supercuspidal if and only if x is a facet
of minimal dimension in B(Gn+1, k) and Z(Gn+1)/Z(G) is anisotropic, where Gn+1 =
CentG(
∑n
i=1Xi).
Proof.
The point x is a facet of minimal dimension in B(Gn+1, k) if and only if Mn+1 = Gn+1.
Hence we have seen in the proof of Theorem 8.1 that (π, V ) being supercuspidal implies the
other two conditions in the corollary. The proof of Theorem 8.1 also shows that the other
two conditions are sufficient to prove that (π, V ) is supercuspidal.
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